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UBER EINE IDEALTHEORETISCHE FUNKTION* 
VON 
EDMUND LANDAU 


Einleitung. 


Es sei & eine positive ganze Zahl. Es sei 7, (n) die Anzahl der Zerlegungen 
der positiven ganzen Zahl n in & positive ganzzahlige Faktoren a, a,---a,: 
hierbei gelten Zerlegungen, welche sich durch Faktorenanordnung unterschei- 
den, als verschieden.¢ Insbesondere ist daher stets =1 und 7,,(n) 
gleich der Anzahl der (positiven) Teiler von x. Es sei s eine komplexe Zahl, ¢ 
ihr reeller Teil; es bedeute n* die Zahl e*'’*” bei reeller Wahl des Logarithmus. 

Den Gegenstand der Doktordissertation von Herrn Pittzt vom Jahre 1881 
bildet der Nachweis der Relation 


T,(n) 
k 
(1) = log" + b+ )+ log*-* x), 


wo (bei festem und festem s) die Zahlen - - -, b, gewisse Konstanten sind, 
von denen 6, fiir s + 1 den Wert 0 hat. 
Ausfiihrlicher geschrieben : 


+6+4+ O(2-7) firk =1,s +1, 
b, loga2 + B+ O(a") firk—1,s=1, 


k-1 
7, (#3 $)= + blog" +b + i log*~* x) fiir k= 2, s + 1, 


m=0 


log" 2+ B+ log**x) fiir k= 2, 8=1. 


m=1 


Noch ausfiihrlicher, unter Vernachlassigung des in einzelnen Unterfillen gegen 


* Presented to the Society September 12, 1911. 

t Es ist also z. B. 7,(4) 3 mit Riicksicht auf die 3 Zerlegungen 4=-1-4—2-2=—-4-1. 

{ Prttz 1 in der Numerierung meines Handbuchs der Lehre von der Verteilung der Primzahlen 
(Leipzig und Berlin, 1909). 
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das Restglied unerheblichen konstanten Gliedes : 


( +64 O(a") fiir k = 1, exkl. s = 1, 
+ O(a-*) fiir k =1, ¢=0, 
bloga + B+ fiir k}=1,s=1, 


k-1 


m=0 


1 
T, (x; 8) = 4 fir k=2,0>1— k exkl. s= 1, 


m=0 


1 
fiir k=2,051— 
k I 
dX 4,, log" « + B+ log** x) 
m=1 
fiir k=2,s=1. 


Wie Herr Pi_1z* hervorhob, ist die Angabe der Konstanten, d. h. des Haupt- 
teils der rechten Seite von (1), ziemlich einfach und die Hauptschwierigkeit 
der Nachweis, dass das Fehlerglied wirklich héchstens die angegebene Grdéssen- 
ordnung hat. Der Pitrzsche Beweis verliuft im Gebiete der elementaren 
Theorie der Reihen. 

Speziell fiir s = 0 kommt, wenn kurz 


gesetat wird, also 7, (a) die Anzahl der Loésungen von 
A, 


in positiven ganzen Zahlen bezeichnet, als Spezialfall von (1) heraus : 


r k—1! ; 

(2) 1,(2)= T.(n)=2 log” + O(a'~«) + log*-* 2). 
n=1 m=0 

Fiir =1 ist (2) natiirlich trivial}. = 2 war (2) schon durch 

bekannt und ist vor einigen Jahren von VorONOi§ verschirft worden, was 


* Loc. cit., S. 5. 
+ 


=27+ 0(1). 


t DIRICHLET 12. 
§ Voronoi 1. 


| 
t,(2; 0) = 7, (zx) 
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ich mit Absicht* hier nicht benutze. Fiir 4 = 3 war (2) ohne Kenntnis 
der Pixrzschen Arbeit lange danach von Herrn FRANEL + anders bewiesen 
worden und spiter (unter Hinweis auf Herrn P1Ltz) von mirt auf einem drit- 
ten, einfacheren Wege. Daz, (2) schon durch Herrn Prirz behandelt war, 
ging ich a. a. O. nicht iiber & = 3 hinaus und verwies fiir allgemeines / auf die 
Pixttrzsche Arbeit. Heute modchte ich, zumal ich einzelnes vereinfachen kann, 
das ganze Pittzsche Resultat (1), also insbesondere (2) mit beliebigem / auf 
Grund meines damaligen Ansatzes beweisen, also einfacher als in der PrtTzschen 
Arbeit. Ich leiste aber auch, was das Resultat betrifft, etwas Neues, indem ich 
statt des Korpers der rationalen Zahlen einen beliebigen algebraischen Zahl- 
korper « zu Grunde lege, dessen Grad ich v nenne. 

Ich will gleich mein Resultat fiir ein beliebiges « angeben. Fiir vy = 1 ist 
es der Korper der rationalen Zahlen. Fiir v= 2 gilt das Folgende. 7°, (n) sei 
die Anzahl der Darstellungen von x als Norm des Produktes von / Idealen des 
Korpers§, und es werde auch hier 


gesetzt, also 


Das neue Ziel dieser Arbeit ist, zu beweisen : 


b,x'~ + O (log x) fiir 


+b + + ) fiir 


— 
MV 
| 
@ 
ad 
II 


3 v5 § = 4 


log™ + + ke log*~* x) 


m=0 


fiir k= 2, 


wo b, fiir s + 1 verschwindet. 
Ich mache gleich darauf aufmerksam, dass zwar im Falle k= 2 die Relation 
(1) als Spezialfall » =1 in (3) enthalten ist, auch im Falle 4 =1 ausserhalb 


*Es erfordert diese Verschiirfung feinere Hilfsmittel, welche bei der Ausdehnung auf be- 
liebige algebraische Zahlkérper, um welche es sich im Text handeln wird, versagen. 

+ FRANEL 5. 

LANDAU 7. 

§ D. h. 7; ist die Anzahl der Systeme q,, ---, fiir welche N( a, --- ax ) ist, wobei 
solche Systeme, die sich durch die Anordnung der k Ideale unterscheiden, als verschieden ge- 
rechnet werden. 


‘ 
| 
7, (23 i 
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der Geraden o = 1—1/v, nicht aber im Falle £ = 1 auf der Geraden 
o= 1 1/v. 
(3) enthalt als Spezialfall s = 0: 


k-1 1 1 


(4) 1,(2)= > 7, (n) =x b,, log™ x + O(x )+ tv log*-* x); 
n=1 


t, (a) ist die Anzahl der Losungen von 
N(a,---4,)=2 
in Idealen des Korpers. 
Fiir einen beliebigen algebraischen Zahlkérper ist der Fall k = 1 der Rela- 


tion (4), nimlich 
1 


(5) 7,(x)=  l=ar+ 

zx 
das von Herrn Weser* herriihrende Fundament der analytischen Idealtheorie ; 
von ihm ausgehend habe ich} schon im Jahre 1903 den Spezialfall £ = 2 von 


(4) bewiesen : 


(6) =x(b, loga+b,)+ O(a *). 
Diese Relation (6) enthilt als spezielle Fiille die klassische Dir1cHLetsche Rela- 
tion (beim Korper « (1)) und die entsprechende von Herrn MERTENS $ bei « (¢) 
gegebene. Meine Arbeit war, was durch den kurzen Zeitraum zu entschuldigen 
ist, Herrn AXeER § entgangen, der in einer 1904 erschienenen Arbeit eine Reihe 
asymptotischer Gesetze fiir den speziellen Korper «(p) = «( — } + $i V3) der 
dritten Einheitswurzeln behandelte und dabei auch u. a. den Spezialfall « (p) 
von (6) bewies. 

Dagegen bin ich sehr erstaunt uber eine kirzlich, im Jahre 1910, erschienene 
Abhandlung von Herrn ScuHLeseEr||, der an die AxeErsche Arbeit ankniipft, 
die in dieser (weniger einfach) behandelten und namentlich viele andere asym- 
ptotische Gesetze fiir den speziellen Korper «(p) beweist, ohne meine genannte 
Arbeit vom Jahre 1903 (auf die ich in meinem Referat iiber die AxERsche Ab- 
handlung im Bd. XXXV des Jahrbuchs{ tber die Fortschritte der 

*WeBer2.4. Fiir den einen Kérper «(i) der vierten Einheitswurzeln hat Herr SIERPINSKI 
(1) tibrigens (5) verschirft ; doch erértere ich die Konsequenzen hieraus nicht, da ich nur solche 
Uberlegungen anstellen will, die fiir jeden Korper giltig sind. 

t Lanpau 9, S. 156. 

Mertens I, S. 328. 

§AXER 1. 

|| Asymptotische Gesetze im kubischen Kreisteilungskirper (Monatshefte fiir Mathematik 
und Physik, Bd. XXI, S. 61-102). Ich bemerke ausdriicklich, dass die SCHLESERsche Ar- 
beit manches Neue in Problemen, Resultaten und Beweisen enthalt. Auch ist es nicht ohne 
Wert, dass der Verfasser bei einem Teil seiner Resultate das Restglied mit O durch explizite An- 
gabe von Schranken ersetzt. Was ich zu beanstanden habe, bezieht sich fast lediglich auf den 
Teil der Arbeit, der mit meinem gegenwirtigen Thema zusammenhiingt, und an keiner der von 
mir besprochenen Stellen handelt es sich um einen Fehlschluss. 

* Jahrgang 1904 (erschienen 1906), S. 222-223. 
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Mathematik ausdriicklich hingewiesen hatte) und andere Arbeiten von mir 
zu kennen. Z. B. beweist Herr ScHLESER bei «(p) je eine Formel* iiber 
Linx P(n) und iiber die Anzahl der quadratfreien Ideale mit Norm =~, zitiert 
beide Male Herrn Axers Beweise dieser Formeln bei «(p) und weiss nicht, dass 
sie bei mir} fiir jeden Korper bewiesen stehen; er beweist ferner bei «(p) eine 
Formel{ iiber die Anzahl der quadratfreien Teiler aller {deale mit Norm =x 
und zitiert nur Herrn MERTENS’ Analogon bei «(i), da er die von mir bewiesene 
Verallgemeinerung § fiir beliebiges « nicht kennt. Die Unkenntnis des Vorhan- 
denen veranlasst aber Herrn SCHLESER sowohl zu manchen Umwegen beim Be- 
weis einfacher Dinge als auch zu unniitz hohen Fehlerabschiitzungen in einigen 
Endformeln. Als Beispiel eines Umwegs erwiihne ich, dass sich die vom Ver- 
fasser durch einen eine Seite langen Beweis hergeleitete Relation || 
(7) > log Nn = ax log x — ax + O( x log x) 
Nn Sx 

ohne weiteres durch partielle Summation aus 

> 1 + 2) 

ergiebt, d. h. aus dem Spezialfall «(p) von (5), der auch vordem bei ihm vorkam. 
Im Ubrigen steht eine (7) enthaltende Relation fiir > y,<, log Nn fiir einen 
beliebigen Korper, wo das Restglied O(«'—'” log x ) lautet, bei mir]; ihre linke 
Seite entspricht dem TscHEBYSCHEFschen 7(a), und jene Relation ist das Fun- 
dament der elementaren Untersuchungen iiber die Verteilung der Primideale 
geworden. 

Was nun speziell die Beziehung der SCHLESERschen Arbeit zu meiner vorlie- 
genden betrifft, so behandelt er u. a. den Spezialfall «(p) meines jetzigen 
T,(2; 8) fiir k=1,4=2 undk = 8, jedes Mal bei reellem s in folgendem Um- 
fange und mit folgendem Ergebnis : 

1) k=1. Fiir s=0 erhalt er** den Spezialfall von (3) in vollem Umfange, 
d. h. mit derselben Restabschiitzung Fiir 0 <s <1 und s>1 lisst 
sich sein Restglied O(x'~’) laut (8) scharfer ersetzen : durch b,2'-* + 
fiir 0 < s <3, durch + O (log x) fiir $f s = 3, durch +b + 
fiir } <s <1 und durch b, 2'~*+ O(a'~’) fiir s>1. Fiir s=1 beweist er den 

* Lov. cit., S. 80-81 bezw. S. 86-87. | 

t Loc. cit., S. 155, bezw. LANDAU 14 (auch vom Jahre 1903), S. 562. 

t Loe. cit., S. 95. 

§ LANDAU 9, S. 159. 

\| Loe. cit., S. 88. 

{ Lanpau 9, S. 116. 

** Loc. cit., S. 77-79. 

tt Loc. cit., S. 74-75. Herr AXER (loc. cit., S. 245) hatte fiirs >1 nur O(2'-* log x) ge- 
funden. 


tt Ubrigens werde ich in § 6 (elementar) u. a. fiir «() zeigen, dass auch im Punkte s—} das 
Restglied b)x1—*s O( =byxl—s + 1) ist. 


| 
| 
| 
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Spezialfall von (3), d. h. die Formel* iiber S>y,<, 1/n unter Hinweis auf 
Herrn AXER, ohne zu wissen, dass ich + dies fiir jeden Korper schon gemacht 
habe. 

2) k=2. Fiir s=0 erhiilt er { den Spezialfall von (3) in vollem Umfange, 
d. h, mit O(a?-"). Doeh zitiert er bei der Formel fiir s = 0, die ich § fiir 
jeden Korper bewiesen hatte, nur Herrn AXxeEr (bei «(p)). Den Fall 0<s<1 
behandelt er gar nicht. Fiir s>1 liisst sich sein || Restglied O(a'~* log #) laut 
(3) schiirfer durch »'~*(b, log + 6,) + O(a?-*) ersetzen. Fiir s=1 beweist 
er{ nicht den Spezialfall von (3) mit O(2~!), sondern nur eine Abschatzung 
mit O(a! log a). Dies zeigt, dass Herr SCHLESER sogar meine auf den Korper 
der rationalen Zahlen beziigliche Arbeit ** aus dem Jahre 1901 nicht kennt. 
Dort hiitte er gelernt, dass diejenige Behandlung von > y;,,)<,1/N(ab), welche 
er verwendet, bereits im Korper der rationalen Zahlen, wo BERGER so verfuhr, ein 
um den Faktor log » zu grosses Fehlerglied liefert, und, wie man dies vermei- 
den kann. 

3) k=3. Herr Scueser behandelt hier nur s = 0 mit dem Ergebnis +t 
O(z* log x), wihrend (3) hierfiir O(a’ log x) ergiebt. Aus meiner soeben genann- 
ten, auf 7,(a) in «(1) beziiglichen Arbeit hatte er gelernt, dass es unzweckmiis- 
sig ist, eine gewisse auf der Zerlegung « = /2-\)a basierende Identitit zu 
Grunde zu legen, und dass die Zerlegung # = x'-x' vorteilhafter ist; bei «(p) 
ist es auch gerade diese Zerlegung, die zu dem Spezialfall von (3), d. h. zu 
O(a? log « ) fiihrt. 

Nun gelten, wie gesagt, (1) beim Korper der rationalen Zahlen und (3) bei 
einem beliebigen Korper zweiten oder héheren Grades fiir beliebige komplexe 
s, und das Ziel der gegenwiirtigen Arbeit ist, den Pitrzschen Satz (1) von 
Neuem und (3) zum ersten Mal zu beweisen. Das sind alles elementar zu er- 
ledigende Fragen; die grossen Schwierigkeiten der Primzahl- und Primideal- 
theorie treten dabei nicht auf. Die Arbeit ist folgendermassen angeordnet. 

Im §1 erledige ich den Fall 4=1, v>1, im §2 den Fall A=1, v=1. Im $3 
zeige ich, dass fiir jedes 4 =2 die — gleichlautende — Behauptung (1) bezw. (3) 
nur auf der Geraden o=1—1/kv bewiesen zu werden braucht, damit ihre Rich- 
tigkeit in der ganzen s-Ebene einleuchtet. Im §4 beweise ich (1) und (8) fiir 
jedes k=2 auf der Geraden c=1—1/kv und zwar durch den Schluss von £—1 
auf i, indem ich die Behauptung (1) bezw. (3) (fiir alle komplexen s) bei 1,-- -, 
k—1 als bewiesen annehme. Im §5 wird von den in (1) und (3) auftretenden 

* Loe. cit., 8. 77. 

+ LANDAU 9, S. 81. 

t Loc. cit., S. 92. 

§ LANDAU 9, S. 156. 

Loc. cit., S. 90. 

© Loc. cit., S. 92. 

** LANDAU 7. 

t+ Loe. cit , S. 102. 
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Konstanten die Rede sein. Im §6 verschiirfe ich fiir einige Klassen von Zahl- 
korpern den Ausnahmefall k=1, c=1—1/v des Satzes (3); insbesondere wird 
das log x im Restglied bei jedem Korper fortfallen, dessen Zetafunktion auf der 
Geraden o=1—1/yv iiberall reguliir ist, wie dies z. B. im Korper der rationalen 
Zahlen der Fall ist. 

§ 1. 


Es sei der Korper beliebig, d.h. v=1. Dann gehe ich von der Weserschen 


Relation 
(5) = ax + 
aus. Man erhiilt durch partielle Summation * fiir «= 1 
T.(n) 


n=1 


<.7,(n)—7,(rn—1) 


=> 


n=1 n 


n=1 


“ids 


n=1 


= 8 


 7,(x) 


n=le 


) 


[x] 
Nach (5) ist 


(9) =O (= = 


] 


und 


aus (8), (9) und (10) folgt 


T 
(11) au + + O(z-*). 
el 
Wird 
T, (2) — ar = n(x) 

* Diesen Kunstgriff und daraus sich ergebende Identititen vom Typus (8) hatte Herr 
FRANEL (6) bei verschiedenen asymptotischen Abschitzungen benutzt ; z. B., um (fiir «(1)) aus 
der DIRICHLETschen Relation fiir 7, (1) Abschitzungen vont,(x; 8) zuerhalten. Jedoch liefert 
hier der FRANELsche Ansatz (eben wegen der Geraden c—1—1/kv=+3 ) nicht die mit elementa- 
ren Mitteln bestmogliche Abschitzung, fiir c=4 aber genau (1) mitk--2. Im Ubrigen hatte 
ja Herr PILTz fiir alle s (auch, wenn c=} ist) die Relation (1) mit k—2 bereits bewiesen. 


it 

7 
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gesetzt, so ist nach (5) 


an 1 
(12) 


was sofort Anwendung finden wird. 


(11) giebt 
du 


c 


Hierin ist 


x 


log x fiir s = 1, 
ferner nach (12) 


1 
O(x 
‘ 1 
U 
a 1 
+ O(a ’) fiir o> 1— 


(13) liefert daher 


1 

1 

+ O(log x) fire =1— 


l 
bloga + B+ firs=1, 


1 
+b + O(a firo>1— exkl. s = 1. 


Damit ist im Falle k=1, v=2 die Behauptung (3) vollig bewiesen; im Falle 
k=1, v=1 ist die Behauptung (1) mit Ausnahme der Geraden o = 0 bewiesen. 
§ 2. 

Es bleibt zur volligen Erledigung des Falles 4 = 1 nachzuweisen, dass fiir 
c= 0 
1 


n=1 


= + O(1) 


ist. Dies geschieht folgendermassen. Die Behauptung ist fiir s = 0 trivial. 
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Es sei also o=0, aber s +0. Dann wird beim Beweise die in (1) wegen 
R(s +1) = 1 ganz speziell steckende Thatsache 


z 


(14) = 


n=1 
benutzt werden. 
Nun ist — fiir alle komplexen s sogar — 


1 1 1 


I—s (l—s)s 
+ 2n**! + 
wo 
] 
¥(n) = O( 
ist, also bei Summation iiber x = 1, ---, [x], wo x=1 ist, 
1 x 1 (1 s)s zx 1 


Speziell fiir s + 0, c=0 liefert dies nach (14) und (15) 


1 
1— + O(11) + O(1), 


2. 
O(1) = + O(1), 


wie behauptet. 
§ 3. 

Es sei also in der Folge =2; die Falle v=1 und vy~>1 brauchen nicht mehr 
getrennt zu werden. 

In diesem Paragraphen will ich bei festem k=2 zeigen, dass aus der Richtig- 
keit der Behauptung im Punkte s=1—1/kv die Giltigkeit in jeder der beiden 
Halbebenen ¢<1—1/kv und c>1—1/kyv folgt, so dass also der Beweis der Be- 
hauptung (1) bezw. (3) alsdann nur auf der Geraden c=1—1/hv gefiihrt zu 
werden braucht. 

Ich gehe also bei festem Korper und festem /=2 von 


1 1 k-1 
G = b, log" x + O(log*-* x) 
m=0 


aus. 


| 

| 

| 
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Durch partielle Summation ergiebt sich fiir x=1 


 T,(n 
s)=)>, (™) ; 


n=1 s—l+ 


n he 
1 \ 1 
=1 s—lI-+ 
n 
1 1 
(17) =(s-14 ) 4 
kv s+ s—1+ 
* [x] kv 


Wenn 


1 1 k—1 
1— 5) — «> db log” = H(z) 


m=0 


gesetzt wird, so ist nach (16) 
H (2) log*~* x 
(18) | =9( ): 


Aus (17) folgt weiter 


1 
1 1— 
T (25 s)=(s- 1 + iy) du 
kv 
1 
tT. (2; is) 


+ + x) 
WU 


(19) 


ky log*~* + O(x-* log*-! 


k-1 
+ b log” e+ i 


Nun ist bei ganzem m = 0 und positivem x 


log” u 
du = 
1 


fiir s + 1, 
log” +1 x 


m+1 


fiir s= 


k 


(s 1+ ] ) > b | du + b log” = d log" a+ A, 
m ? m m 


m=0 
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wo d, fiir s+ 1 verschwindet. Ferner kann in (19) wegen — o <1 — o—1/hv 
das letzte Glied gegen das vorletzte vernachliissigt werden, und es ist nach (18) 


1 
*H (a) log*~* x) fire <1— kv’ 
du= 
D+ ‘v log' x) fiir o>1— ky" 


Aus (19) ergiebt sich also fiir <1 und 1 — 1/kv 


d, +d+ O(a” x), 


wie in (1) und (8) behauptet. 
§ 4. 

Der Beweis von (1) und (3) fiir alle Wertepaare i, s und alle « ist also auf den 
Nachweis von (1) und (8) fiir c=1—1/kv bei k=2 reduziert, und dabei darf 
die Behauptung (1) bezw. (3) fiir 1 bis —1 bei jedem s in dem betreffenden 
Korper « als bewiesen angenommen werden. 

Es ist identisch, wenn erst die Idealsysteme mit .Va,=2'*, dann die mit 
N(a,---a,_,)=a*-* beriicksichtigt werden und zum Schluss die doppelt 
gezihlten hinweggenommen werden, fiir jedes komplexe s 


1 1 
2 Nai “a, a5) 
1 l 
Ni ay a No, 3 N(aq 
1 1 
1 x 
Na 
| 


—7,(x*; 8)7,_,(@* 38). 


Nun sei c=1—1/kv. Es ist nach dem schon Bewiesenen bezw. als bewiesen 


| 
| 
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Angenommenen 
1 


(2; 8)=b,a2'"+ b4 O(z ) 
1 1 


= ba'"+b4 O(a ) 


und (auch, wenn k=2 sein sollte*) 


k—2 1 
T, f. log"x+f+O op log*? 


k—2 1 1 
=2x'" > flog” + f + O( at log** x) . 


m=0 


Es ist bequemer, die Identitat (20) in der Form 


1 x 


1 | | 


k 


Nay Sz 4 
7, (a 8) b} {7,_,(@ s) + b 
zu schreiben. Wenn die drei ersten Glieder rechts mit U(x), V(x), W(x) 
bezeichnet werden, also 


(21) tT, (2; 8)= U(x) +V(x)+ W(x) + OF 
ist, so ergiebt sich hierin einzeln folgendes : 
Na’ Nal In log ( Na ) 


1 ok (k—l)y x 
+0 ¥ (ya) 


1 
3— 
1 kv kv (k—ly 
Na Na 


1 


k—2 


m=0 


1 


1 
Na 


_ m log’ Na 
=" 


m=0 q=0 q 


Nasxk 
*In der That steht im letzten Glied der durch (1) bezw. (3) gelieferten Abschitzung von 
,1( #38) der Faktor log® x fiir k = 2, log*-*x fiir k => 3, so dass log*—*x jedenfalls richtig ist. 


= 
Na 
1 
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1 1 


k—1)y/] 
k-2 loo? Na 


m=0 4-0 1 A a 


I 1 1 1 


+ Jog*? a. ) 


log’ Vi 
m=0 


Nun ist fiir jedes ganze g=0, wenn (2) die Bedeutung des § 1 hat, 


r log? n log? 

n(n) — n(n —1);} n 
n=1 

n+1 ')+ [x] 
log*t! a 


1 log@ 


los lo ot 
log**! x+ ae )+ of log*x) 
1 


n 


a 
(23) x+e+4 O(a ” 
(23) ergiebt, in (22) eingesetzt, 
log*-* a 
U (x) log” + Of ) + 
m=0 
(24) = h,, log” + O (log*-* a). 
m=0 
Ferner ist 
1 
x) = 6, V( V(a, a, 
Niay 2 
1 1 
1 phe v 


k—1 1 k-1 | | 
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I 


( D/,, log" + O(a *® log*-* )) + O(a log*-*x) 


m=0 


k—1 

(25) p, log” + O(log x) 
und 

W(x ) = { b, O(x ky )} 
x | xz * > 7,, log" x +O ) 

k—2 

(26) >» r, log” + O(log*~* x). 


m=0 


Nach (21), (24), (25) und (26) ist 
k—1 
8)=a'-" w log” + O (log*~? x ); 


somit kommt gerade die Behauptung (1) bezw. (8) fiir c=1—1/kv heraus. 
Nach dem Obigen sind damit (1) und (3) in allen Fallen bewiesen. 


§ 5. 


Es gilt, mindestens im Kreise |s—1|<1/v, eine Reihenentwickelung 
a 
=. 
n=0 


fiir die dem Korper « entsprechende Zetafunktion; a ist genau die Konstante 
Bei jedem ganzen /=1 gilt also ebenda eine Reihenentwickelung 


8 


aus (5). 


wo ich die Abhiingigkeit der Koeffizienten von / nicht erst in der Bezeichnung 
hervorheben will. 

Ich behaupte zuniichst, dass der Hauptbestandtei! in 7,(a; 1) (d. h. das in 
(1) bezw. (3) fiir s=1 vor O stehende) den Wert 


>» log” 
m=0 m. 
hat. Da die genauere Abschitzung des Feblers, nimlich O(2~'”) fiir 
kk =1 bezw. log*-*x) fiir 4=2, schon erledigt ist, ist es nur noch 


notig, den Nachweis zu erbringen, dass in 


1)=>> AP) + --- +b, log x + b, + 0(1) 


n=! 


= | 
| 
comity 
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fir 0=m=k 


ist. Durch partielle Summation ergiebt sich fiir 7>1 


->" 
1) —7,( — 1; 1) 
- 1 1 


 log* u log u = du 
=(s—1)(%, | du+.--- +b, dud, +¥(s)). 


wo bei Anniherung aus der Halbebene o>1 


LAG 


lim (s — 1)y(s)= 


log* u k! 


lim 


d. h. 


ist. Nun ist fiir c>1 


du 1 
J) uw s—l1 
es kommt also heraus : 


b 
m. 
| = 
° 
= 
log u 1! | 
J 
s=1 (s—1)* s—1 ») 
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d. h. 

A B, 

b= b, = B,, 
was zu beweisen war. 


Nachdem 
k 


1 1 
7,(@31)= log"x + O(x ”)+O(x “log'*x) 


m=0 


B 
bewiesen ist, ergiebt sich die Konstantenbestimmung in (1) und (3) folgen- 
dermassen. Es braucht 7, (a;8) fiir o>1—1/kv nur auf o (1) genau, fiir 
o=1—1/ky uur auf o (x'~*) genau bestimmt zu werden, um durch Vergleich 
mit den schon bewiesenen Relationen (1) und (3) die Konstantenbestimmungen 
zu haben. 
Fiir o>1 ist in 


6+ 0(1) 
das 4 zu bestimmen; offenbar ist 


b= lim t,(x; s) = 
Fir 1—1/kv <o=1 exkl. s=1 sind in 


k-1 
b +b +0(1) 


m=0 


b, b,, 6,_, zu bestimmen und fiir ¢=1—1/kv in 
k-1 
7, (23 8)=a'" >> blog” x + 0(2'-*) 
m=0 
b,, -+-.5,_,. Nun ist fiir jedes s 


(us 1 1 


(231 


m=0 m= 2 


x k B k B 


(27) 


r 1 1 
+(s-1) [ * u)du+ O(n *v log*—' x) + O(a? log* x). 


— 
— 
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Hierin ist firs+1 2>0 


sh B 8 
1 


m=0 m=V0 


mv 


B 
=(s—1)>) —" J log" udu + log” x 
m! 
1 


m — 2 m! m! 
= (8 1)>> ( 


m=0 m 
3 
wes 
n=o m=n ( ) 
’ gs + C. 
n. m=n+1 ( 1 y" 


Fir o=1-—1/kv sind damit alle Konstanten bestimmt, da die drei Rest- 


glieder in (27) reichlich 0 (#'~? ) sind; es ist namlich fiir 0=rn=/—1 


28 b=- ' 
12 


Fir 1—1/kv <o=1 exkl. s=1 ist 


1 1 


(s—1) | O( * og! + O(x° kv + log* 


1 
=(s—1 O(u *log*-! u)du + 
also bleibt hier nur die Konstante 
= lim (« (x; s)—a'">> log” v) 


zu bestimmen, wo 6,,---, b,_, den Wert (28) haben. Aus 


23 s)=2' log"x e(2), 


m= 
wo 


(29) =0(1) 
ist, folgt in der Halbebene 2t(S)>1 


2.7,(n; 8)—7,(n—1; 8) 


n=1 n 
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) du 


s+l1 


log 


Hierin ist das letzte Glied wegen (29) fiir 2(S)>o regulir und hat bei An- 
niherung aus dieser Halbebene fiir S=s den Limes 0. (30) ist also in der 
Halbebene Ji(S)>o exkl. S=1 giltig und liefert, wenn S gegen s strebt, 


Damit sind alle Konstanten bestimmt. 


§ 6. 


Ich will nun zu dem sogenannten Ausnahmefall 


k=1,ce=1— 


Vv 


zuruckkehren, wo zwar fiir v=1 


x 


1 
7,(#3s)= =d,2'"+0(1), 


n 
n=1 
aber fiir v=2 nur 


1 
T, (23 =z == = bo + O(log x) 
Vn 


herausgekommen war, und will beweisen : 
Falls fiir einen bestimmten Korper « ein bestimmter Punkt s, der Geraden 
o=1—1/v eine regulire Stelle der Funktion €,(s) ist, ist 


Hierzu benutze ich folgenden schénen Satz von Herrn Marcen Riesz: 


Wenn fiir ein cZ0 bei ganzzahlig wachsendem n 


+ @, 


n° 


(31) =0(1) 


ist und die infolgedessen siir o>c regulare Funktion 


f(s)= 


n= 1 


a, 


in einem bestimmten Punkte s,=c+t,i der Geraden o=c regular ist, so ist 


= O(1). 


n=1 


18 
-(s—s) 
| 
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Dieser Satz, den mir Herr Riesz miindlich mitteilte, wird genau so bewiesen 
wie der Rirszsche Satz, fiir welchen ich kiirzlich den vordem unpublizierten 
Beweis des Entdeckers auf S. 151-167 meiner Abhandlung 
Uber die Bedeutung einiger neuen Grenzwertsiitze der Herren Uarvy und 


mitgeteilt habe: 


Axer. Zunichst lasst sich nimlich offenbar ohne Beschrinkung der Allge- 
meinheit c=1 annehmen?t, dann wie auf S. 152-153 ohne Beschriinkung der 
Allgemeinheit ¢,=0 annehmen, dann wie auf S. 156-158 der Beweis des Satzes 
auf den des entsprechenden Satzes mit der schirferen Voraussetzung 
a, =O(1) 
statt 
a+--- +4, 


i 


reduzieren und dann diese Behauptung mutatis mutandis wie die damalige 
auf S. 158-167 beweisen. Hier wird die Behauptung—parallel zu S. 158- 
161—auf 


H(s)ds =O(1) 


reduziert ; dies—parallel zu S. 161-165—amittelst des Nachweises von 


J,(m) =O(1) 
auf den Beweis von 
J,(m) =0(1), 
und dieser Beweis gelingt, sogar mit der hier unnotigen Schiirfe 
lim ,,_,, J,(m)=27if(1), wie auf S. 165-167. 
Dies kann dem Leser meiner soeben zitierten Arbeit als véllig ausreichender 
Beweis des oben genannten RiEszschen Satzes dienen. 
Diesen Satz wende ich nun auf c=1—1/v und die DirricHetsche Reihe 


1 | 2. 


~ = §.(8)—ab(s)= 


n n=1 


an. Dann ist 


=0(1) 


n 


1 


1 
nach dem Weserschen Satz; wenn also s, = + ¢,i regular ist, ist nach 


dem Satz 
1 
= O 1 
*Prace matematyczno-fizyczne, Bd. XXI (1910), S. 97-177. 
{ In der That folgt bei beliebigem c aus (31) durch partielle Summation 


=O(n). 


a, 
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nach (1) ist 


l 
=c,2'-” +0(1), 


n=1 


und damit kommt die Behauptung 


1 


heraus. 


Insbesondere fiir quadratische Korper ist bekanntlich 


a 


eine ganze Funktion, also iiberall auf der Geraden o=1—1/v reguliir, folglich 
die obige Verschirfung auf der ganzen Geraden giltig. Allerdings ist in diesem 
Fall der Rreszsche Satz nicht notig, um es einzusehen ; sondern es geht direkt 
) 
so: Wenn D die Grundzahl ist und ( die Kroneckersche Verallgemeine- 
rung des Jacosischen Symbols ist, ist fiir ¢ > 1 
21 
( 
Fiir c=1—1/v=} ist also 
1 


3 
Ni’ ( n 


M 


I 
| 
= | 
M 
>) 
M: 
M: > 
=> 
| 
— 


Nun ist 


und wegen 


~ 

— 
— 


laher ergiebt sich 


1 iz f/D\ 1 1 Vn 


= 
1 ve 1 Vm rr 
+ 2 m m° m 
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== C3 + + 
= 4 

= ( ) + ) +0(1) 


Ich mochte nicht unterlassen hervorzuheben, dass die Thatsache der elemen- 
taren Beweisbarkeit dieser Relation einem bekannten elementaren MERTENS- 
schen Beweise* des Nichtverschwindens von 
> 
zu Grunde liegt. Dazu braucht nur }, + 0 fiir s = 3 bewiesen zu werden, d. h. 
in 

] 


=O(1 
Nn 


ein Widerspruch aufgefunden zu werden, und ein solcher liegt darin, dass jede 
Quadratzahl =1 Norm eines Ideals, also 


1 Ve 1 Vz 1 
Nn J Nun m=1 m 
ist. 


GOTTINGEN, den 23. Juni 1911. 


* Vergl. MERTENS 6, LANDAU 34 und S. 433-435 meines Handbuchs. 


= ba 
+0O(1) 


THEOREMS OF OSCILLATION FOR TWO LINEAR DIFFERENTIAL 


EQUATIONS OF THE SECOND ORDER WITH 
TWO PARAMETERS* 


BY 


R. G. D. RICHARDSON 


Introduction. 


The present article deals primarily with the Kern oscillation theorem for 
the two differential equations with two parameters 


(p~u’)’ + mut (Adu + u=0, 


(A) 
( pov’ )’ + qov + (Ada + ve = 0, me (y) > 0, 


where the functions p; (27), An (x), Av (x) and pro(y),q@(y), Any), 
Aw (y) are supposed analytic in their respective intervals. What are the con- 
ditions for the existence of pairs of parameter values \, » for which exist solu- 
tions u(x), v(y) which satisfy the boundary conditions 


u(a,)=u(b)=0, v(a2)=v(b) = 0, 


and oscillate m and n times respectively in the intervals a,b; and azh,? Such 
a problem arises naturally in the study of mathematical physics.t| The intimate 
connection between this problem and existence theorems for automorphic 
functions has been discussed by and 

The first problem of this type was proposed by KLEIN in connection with the 
solutions of the Lamé equation; this and similar problems of a more general 
type have been treated by BOcuER. 


* Presented to the Society December 28, 1910, and Apri! 28, 1911. 

+ For references see the article contributed by BécuErR to the Encyklopaidie der Mathema- 
lischen Wissenschaften (II A 7a). 

t Bemerkungen zur Theorie der linearen Differentialgleichungen zweiter Ordnung, M at he- 
matische Annalen, vol. 64 (1907), p. 175. 

§ Uber Kleinsche Theoreme in der Theorie der linearen Differentialgleichungen, Mathe- 
matische Annalen, vol. 66 (1908), p. 215. Zweite Mitteilung, vol. 68 (1910), p. 24. 

Bulletin of the American Mathematical Society, ser. 2, vol. 4 (1898), 

p. 295 and p. 365, vol. 5, p. 22. A very full list of references will be found in the article in 


the Encyklopddie, loc. cit. 
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HiLBert* has recently treated the problem of the existence of solutions of 
equations (A) for the case q = = 0, An > 0, An <0. By means of the 
transformation z (2, y) = u(x) v(y) the two equations (4) may be trans- 
formed into the partial differential equation 


Since this equation is of the elliptic type, it follows that the parameter \ can be 
determined in an infinite number of ways such that the corresponding solutions 
vanish on the boundary of the rectangle. H1_Bertr shows that for these same 
values of \ and the corresponding values of u there are solutions of the equations 
(A); but no oscillation theorems are derived. Since the present article was 
written, Jirsuo YOsHIKAWA,? under the direction of Hitpert, has proved the 
oscillation theorem for the special case q = q@= 0, A» > 0, An <0, An > 0, 
Ay > 0. 

In §4 of this article necessary conditions and sufficient conditions have been 
derived for the existence of solutions of the general equations (.1), subject to 
the given boundary conditions. Sufficient conditions for the uniqueness of 
solutions are also derived. The discussion of the oscillation theorem for the 
equation with one parameter ( py’ )’ + qy+ ky = 0 is extended in $3 to the 
vase not hitherto treated, viz., when q (x) is positive in at least a part of the 
interval and & (2) takes on both signs. 

Although the treatment here given is entirely independent of such methods, 
the results were first obtained by means of the Calculus of Variations. This is 
another illustration of the fact emphasized by Hitpert that the calculus of 
variations has an intimate relation to differential equations and to integral 
equations and is more fundamental as a discipline than either of these theories. 
The relation between the oscillation theory for one equation with one parameter 
and the calculus of variations problem was discussed by the author in the first 
of a series of articlest in the Mathematische Annalen; a second article 
which treats of the corresponding problem for two equations with two parameters 
is to appear shortly. 

It is interesting to note that when the equations (4) (for q@ = q = 0) have 
solutions of the type sought, the partial differential equation (B) has an infinite 
number of solutions which vanish all around the rectangle. Since, as we shall 


prove, As», Ay» may be arbitrary, except that not both are identically zero, we 


* Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, 6. Mitteilung, 
Goéttinger Nachrichten (1910). 

+ Ein zweiparametriges Oszillationstheorem, Géttinger Nachrichten (1910) (appeared 
February, 1911). 

t Das Jacobische Kriterium der Variationsrechnung und die Oszillationseigenschaften linearer 
Differentialgleichungen 2. Ordnung, Mathematische Annalen, vol. 68 (1910), p. 279. 
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have an example of a partial differential equation of a general type for which a 
double infinity of solutions exist which vanish all around the boundary. 

Several problems naturally suggest themselves in connection with this dis- 
cussion. Among these is the expansion of functions of two variables in terms 
of the products of the solutions of the equations (A) and the extension of the 
theory of oscillation to the following cases: (1) when the boundary conditions 
are modified; (2) when one or more of the functions m1, q@, Au, Aw, An, Ar 
becomes infinite; (3) when there are three equations and three parameters; 
(4) when there is one partial differential equation and one parameter. The 
discussion of (3) will appear in the Mathematische Annalen; I hope to 
take up the other problems at a later date. 


$1. The equation of the second order with one parameter. 


Let p(x) >0,q(2), and k(2) be analytic functions of x in the interval 
01. Do there exist parameter values \ for which the linear self-adjoint differ- 
ential equation 


(1) (py’)’ + qy t+ rAky = 0 
has solutions y (2) which satisfy the boundary conditions * 
(2) y(0)=y(1)=0 


and oscillate n times ? 

In the discussion of this article certain results which have been already estab- 
lished in regard to this oscillation problem are necessary. These are as follows: 

(A)j. If k(x) =O, there exist an infinite number of characteristic values 
(Eigenwerte) \ = dy, Ae, (Ar < < +), for each of which there is a 
solution of the differential equation (1) subject to the boundary conditions (2). 
These characteristic functions (Eigenfunktionen) y= Y; (2) oscillate i — 1 
times in the interval01. A continuous increase of \ k(2) moves continuously 
to the left all the succeeding zeros of that solution of (1) which vanishes at x = 0. 
Of the characteristic numbers some may be negative but the aggregate has a 
limiting point only at plus infinity. 


(B)t. If g(x) =0 and k(x) takes on both signs in the interval, there are 


* Among the articles discussing this problem for more general boundary conditions may be 
mentioned those by Mason (these Transactions, vol. 7 (1906), p. 337) and BrrkHorr 
(these Transactions, vol. 10 (1909), p. 259). 

(Added December 6.) In this connetion it may be well to note that Haupt in his article 
Untersuchungen wiber Oszillationstheoreme (Wiirzburg dissertation, Teubner, 1911) has over- 
looked these papers. The main theorem of the first part of the dissertation (p. 35) is a special 
case of BrrKHOFF’s oscillation theorem (loc. cit., p. 269). 

+Srurm, Journal de Mathématiques, vol. 1 (1836), p.106. This and more general 
theorems of the same type have been established on a rigorous basis by BocuEr, loc. cit. 

t Hitsert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, G 6tt- 
inger Nachrichten. 1. und 2. Mitteilung, 1904; 4. und 5. Mitteilung, 1906. 
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an infinite number of positive and an infinite number of negative characteristic 
values \ = 1, °°: for each of which there exists a solution 
Y;(x) or Y_; (2) of the equation (1) subject to the condition (2). In both 
vases the aggregate of characteristic values have a limiting point only at infinity, 
and the solutions oscillate 1 — 1 times in the interval. 

(C)*. When g(x)=0 and k(x) is arbitrary, a continuous increase of 
0) or a continuous decrease of 4 (A < 0) moves continuously to the left 
all the succeeding zeros of that solution of (1) which vanishes at x = 0. 

(D). If the function k(2) is made to vary continuously in the interval 
0 1, the parameter values \, for which solutions vanishing at x = 0 and x= 1 
exist, vary continuously. When d varies continuously, any solution of equation 
(1) for which y (0) = 0, y’ (0) = const. varies continuously. 

To extend the above results we prove the following theorem: 

(E) When q (2) is positive in at least a part of the interval and k& (x) takes 
on both signs, the zero at x = 1 of that solution y (2) of the equation (1) which 
vanishes at 2 = 0 may be moved to the right or left by a change of the parameter 
unless 

ky? dx = 0. 
v9 
For,{ if we denote by y and y* those solutions of (1) corresponding to \ and 
\ + e€ respectively for which y’ (0) = y*’ (0) = 1 and multiply the equations 


(py’)’ + qy + Mey = 0, 
(py*’)’ + qy* + (A+ e€) ky* = 0, 


by y* and y respectively, subtract and integrate from 0 to 1, we obtain the 
relation 


(1) = kyy* dx. 


* RICHARDSON, loc. cit. 

t This proof is a modification of that given by the author for a slightly different case, 
loc. cit., Satz 3. The reasoning applies equally well to equation (1) for the cases discussed in 
(A) and (C). In (A), however, since k is positive, 


f ky?dx 
v0 


cannot be zero. To show that this is also true in case (C), it is only necessary to multiply 
the equation by y, to integrate from 0 to 1, and in the resulting relations 


qy’ ) dx f 


to note that since p > 0, g=0, the first integral is positive. 
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From (D) it follows that this may be written 


1 
ky*dx + |, 


where ¢’ is an infinitesimal of the same order as e. In case the integral is 
different from zero, by giving ¢ the proper sign, y’ (1) y*(1) can be made posi- 


tive. If. = 1 isthe first, third, . . . zero of y (x), it follows that y’ (1) is nega- 
tive and hence y* (1) is negative and the zero of y* is to the left of « = 1; if 
x = 1 is the second, fourth, . . . zero of y (2), y’'(1) is positive and hence 


y* (1) is positive and the zero of y* is again to the left. By choosing « of con- 
trary sign the zero may be moved to the right. 


$2. The equation of the second order with two parameters. 


If in the equation ( py’ )’ + gy + My = 0 of the preceding section we set 
(a) = Ay + (2) where A;(.x) and As (2) are analytic functions not 
identically zero and « an arbitrary parameter, it is evident that, at least when 
q(x) =0, the parameter } is a function of « which is one or two-valued ac- 
cording as A; + «Ay takes on one or both signs. On setting u = xd, it follows 
that the linear differential equation with two parameters 


(3) (py’)’ + qy + + y = + ( cde) = 0, 


has for any fixed ratio between the parameters \ and y one or two solutions 
which satisfy the boundary conditions y (0) = y(1) = 0 and do not vanish 
within the interval 0 1, one or two solutions which vanish once within the 
interval, and, in general, one or two solutions which vanish n times within the 
interval. If a solution is demanded which vanishes at x = 0, x = 1, it is 
evident that a change of one parameter involves a change of the other. Since 
\ is a continuous function of «($ 1, )), it is evident that for any fixed value of 
n, \ and »w may be regarded as continuous * functions of one another except 
when one or both become infinite. We proceed now to a more complete de- 
termination of the nature of the function u (X) , assuming throughout this section 
that g(x) =0. The derivative du / dd is an analytic function except when 
it becomes infinite. For on differentiating the equation (3) with regard to \ 
we have 

On multiplying (3) by dy/0\ and (4) by y, subtracting the results, and inte- 
grating from 0 to 1 we have 


* To prove that this is true for « = + %, it is only necessary to set \A; +u4A2 =4(A2+hA1) 
and to note that #(h) is continuous for h = 0. Hence also \(«) is continuous and 


4 
A(+a) 
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Ay dx Av dx 
(5) 


| Ao dx | dx 


Since » = Xx, it may be shown that 


l 
ar Ao dx rf Ay? de 


(Ay+ y? de (Ay + y? de 
Since y is a continuous function of \ ($1, D) and since both of the integrals in 
(5) cannot be zero at the same time, it follows that the curve yu (A) has a con- 
tinuously turning tangent. 

If Ay(x) / =e (constant), it follows from (5) that du /d\ = —e 
and that w (A) is a straight line. As nm increases, the absolute value of the 
parameter cd + yw increases ($1, 4); and the minimum distance of the line 
from the origin increases without limit. If 2 has only one sign, there is only 
one set of lines » (X) which cuts the » axis above or below the origin according 
as this sign is positive or negative. If As has both signs, both sets of lines occur. 

Proceeding now to the discussion of the cases where A;(.2x) / -lo(.2°) is not a 
constant, let us investigate the nature of 4; + «2 regarded as a function of x. 
We shall first consider that A, (2) =0; by an interchange of the parameters 
or by a change of sign of one of them, all cases where one of the functions A, , Ae 
has one sign may be reduced to this. There is an interval * «xo of values of x 
for which A; + «de takes on both signs and for which there are two sets of char- 
acteristic numbers (\ and \_ ); that is, in the Aw plane a straight line through the 
origin with a slope (x < « < cuts any curve in two points. For 
any value of « in the interval x 0% « such a line will cut any curve u (d) but 
once. 

It is necessary to determine more exactly the form of the curve uw (A). On 
multiplying equation (3) by y and integrating we obtain the relation 


1 
(7) ( py” — qy?)dx = (A, + y* dx. 


Since p > 0, q=0, it follows that the integral on the right has the same sign 
as \ and cannot be zero unless y= 0. Hence from (6) dd\/ dk is always neg- 
ative. The positive characteristic value } is a single-valued decreasing function 
of x in the interval, «2 and if it becomes infinite, it must do so for the value 
xk =x«,. To show that it actually becomes infinite it is only necessary to note 


* It is readily seen that «, = — max [A1(x)/A2(x)], * = — min[Ai(xr)/A2(z)]. 
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that for values of «x in the interval « « + ¢ the function A; + «Ape in (7) is 
positive only in a small portion of the interval 0 1, and that the integral of 
this function, being positive, must be an infinitesimal. The integral on the 
left of (7) being a finite quantity, \ must increase without limit. In a similar 
manner \_ is a single-valued decreasing function of « in the interval — 2 x 
and becomes infinite for x = x. When \ = 0, the values of uw for which equa- 
tion (3) has a solution are positive ($1, 4); and since m=— A; / As =k 
it follows from (5) that m Hence the curves (d) cut the 
\ axis above the origin and recede always from the half-lines w = «A, w = Kor 


though approaching parallelism to them. For any fixed values of « an increase of 


the number n of oscillations gives (§ 1, 4, B) a corresponding increase to 
and to — A_. Hence the curves u() corresponding to the various values of n 
never cut one another and as n increases the minimum distance from the origin 
increases without limit. 
A; (x) both signs. 


A;(x)20 


A.(x)20 


Fia. 1. Fie. 2. 


When 4, =0, it follows from (5) that »(X) is a continuously decreasing 
function (Fig. 1). The dotted lines indicate the curves u(X) for greater 
values of n. If A; > 0 and A, =0 but equal zero for some value of 2 in the 
interval 0 1, the value of x, is — 2%. In this case the curve u (X) approaches 
parallelism to the uw axis. Since, however, for a value of \ great at pleasure 
there is a corresponding value of » , the curve recedes indefinitely from this axis. 
When 42 > 0 and A; = 0 but equals zero for some value of x, the value of 
is zero and the curve » (A) although receding indefinitely from the axis of \ 
approaches paralellism to it. If 4; =0, 4e=0 but one of the functions be- 
comes zero at one point and the other at another point of the interval 0 1, 
then x, = — © and x = 0; the curve recedes indefinitely to the right of the 
uw axis and above the \ axis but approaches parallelism to these lines. 

Fig. 2 shows the form of the curves pz () for the case when A, takes on both 
signs. yp is a single-valued function of \ and attains its maximum for some 
function y (2) which makes 


| 
\ 
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vl 
| Ay’ dx = 0 


(Formula 5). When this integral is positive, the function » (A) decreases and 
when it is negative, u (A) increases. 

There still remains to be considered the case where 4; and Ay both take on 
both signs in the interval. There are here two possibilities; either there exists 
an interval xx; (which evidently contains neither x = 0 nor x = 2) for which 
A; + «Ap» takes on one sign only, or A; + «A, takes on both signs for all values 
of the parameter «x. 

In the former case, for some values of \, uw () is a two valued function (§ 1, 
B) having a maximum or minimum when the solution is such a function y (2) 
that 


| = 0 


(Formula 5), and for some value of », \ (uw) is a two-valued function having a 


| Ajy?dx = 0. 


Since Formula 5 can be established for this case, the curve u(X) is of the same 


maximum or minimum when 


general form as in the other cases, the slope never taking on any value 
intermediate between x. and «. The reasoning which in the other cases 
showed that \ is a monotone function of « is here no longer valid; but since 
dd/d« has only one sign within the interval «x«; (Formula 6), is a monotone 


A,, A, both signs. \ A,, A, both signs. 
A, + «A, <0 in interval «,/x,’. A,+ «A, both signs for 
all values of x. 


Fic. 3a. Fic. 3b. 
function of « in this interval. Fig. 3 (a) is a graph of the function yu (A) for the 


‘ase that in the interval > of positive values of «x, the function 
A, + «Ap is negative for all values of x. If for a positive interval of « the func- 
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tion A + «Az is positive, the half-lines lie in the third quadrant; if the « interval 
is negative, the half-lines lie in the second or fourth quadrant according as 
A; + «Ape is negative or positive throughout the interval of zx. 

If for all values of « the function A; + «A, takes on both signs in the interval, 
there exists ($ 1, B) for any number n of oscillations of the solution of (3) two 
characteristic numbers (A and A_). The value of \ is always finite and in an 
analogous manner it is seen that yu is always finite. The curve yp (A) is then 
continuous (Fig. 3 (b)) and of such a nature that it is cut twice and only twice 
by any straight line passing through the origin. For any fixed value of « an 
increase of the number n of oscillations gives (§ 1, B) a corresponding increase 
to \ (or to— A_). The curves d (yu) (or uw (A) ) corresponding to the various 
values of n never cut one another, and for sufficiently large n the minimum dis- 
tance from the origin to the curve corresponding to n is large at pleasure. 


§3. The oscillation theorem for the general self-adjoint equation of the second 
order with one or two parameters. 


Given the most general self-adjoint differential equation of the second order 
containing one parameter 


(8) (py’)’ + qy+ My=0, p(x)>0, 


do there always exist one or more values of the parameter \ such that the 
corresponding solution satisfies the boundary conditions y (0) = y(1) = 0 
and oscillates n times in the interval? Since such a theorem has already been 
established (§ 1, 4) for the case that k (x) has one sign and q (2) is arbitrary 
and ($1, B) for the case g(x) =0 and k (2) arbitrary, it is necessary to 
investigate only the case where k (2) takes on both signs in the interval and 
q (x) is positive in at least a portion of the interval. 

That for all values of n sufficiently large this oscillation theorem is valid may 
be seen as follows. Let us denote by n, =0 the number of zeros within the 
interval 0 1 of that solution of the equation ( py’ )’ + qy = 0, which vanishes 
atx=0. If the (m+ 1)th zero is at x = 1, there is for \ = 0 a solution of 
(8) which oscillates nm; times in the interval. If the (m; + 1)th zero is outside 
the interval 0 1, the equation 


(9) (py’)' + uqy + My = 0 
has for \ = 0, » = ~# > 1 ($1, D) a solution which oscillates n times and sat- 
isfies the boundary conditions. For u = 0 there are two values of \ which give 
such a solution (§ 1, B ), and since y is a continuous function of dX (§ 2) there 
will be at least two values of \ for which 4» = 1. See Fig. 2, 3(a), 3(b). For 
these values of u and d the equations (8) and (9) are identical. The same method 
of reasoning shows that for all values of n greater than n, there are at least two 


im 

i. 
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values of \ for which solutions of the type required exist. On the other hand 
there are cases where, for small values of n, no solution exists which satisfies 
the boundary conditions. If, for example, ¢=0 it may be seen from Fig. 2 
that for uw large enough there is no characteristic number \ which satisfies equa- 


tion (9). On setting wq = q there results an equation 
(py’)’ + qy + My = 0, 


which has no solution for n= 0. There will be a smallest number n= n 
for which equation (9), for 4 =1 (that is, equation 8), has a solution of the type 
sought; for this and larger values of n there will be at least two characteristic 
numbers. By increasing or decreasing \ the (m + 1)th zero x,,; of that solu- 
tion of (9) which vanishes at x = 0 can be so determined that x,,; = 1 while 
the nth zero x, attains its greatest value (§ 1, EF) when 


ky’dx = 0. 


We proceed now to the general equation with two parameters 
(10) (py’)’ + qy + + y = (py’)’ + gy +d (AL + y = 0. 


Where q (2) is positive in at least a part of the interval, it follows from the pre- 
ceding discussion that if A; + «A» takes on both signs for all values of «, then 
in some cases it is not possible to obtain a parameter value \ for which there are 
solutions which oscillate a small number of times. With an increase of g (x) 
the inside oval in Fig. 3(b) has shrunk up to a single point and disappeared. 
In all other cases, that is when for some values of « the function .4; + «As has 
one sign, there exist sets of values \, uw such that the corresponding solutions of 
(10) oscillate n times (n = 0,1,2---). The derivation of Formule 5 is entirely 
independent of the sign of g(a) and the asymptotic directions cannot lie without 
the interval x:x.. Let us compare them with the asymptotic directions of the 


curve for the related equation 
(11) (py’)’ +aqyt + y= 0, G(r) >0, Gla) > qe). 


These latter lie entirely outside the half-lines w= «1, uw = Ax and become 
parallel to them at infinity (§2). Since ¢(2) > q (2) the zeros of the cor- 
responding solutions of (10) and (11) cannot coincide ($1, 4) and the curves 
uw and (A) cannot meet. Since the asymptotic directions of u() cannot 
then lie outside these half lines nor inside them, they must coincide with them. 
These curves u (X) which we have proved to exist for all values of n (except 
in the special case where A; + «Ae has both signs for all values of x) have the 
same asymptotic direction (which is also independent of q(2)). For n< n, 
it is easily seen that these curves lie in part within the half-lines. For, if e. g. 
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$4. The oscillation theorem for two equations of the second order with 
two parameters. 


We proceed now to the discussion * of the oscillation theorem for the two 
linear self-adjoint differential equations 


( piu’ )’ + qu + (AAy + ) 
( pov’)! + qv + + 


where it is assumed that p, (x) > 0, m (2), Aun Aw (2), 
qo (y), An (y), Av (y) are analytic functions, and that neither both the func- 


tions Ay, A» nor both the functions A. , A» are identically zero. It is now pos- 


(A) 


sible to determine necessary conditions and sufficient conditions for the existence 
of parameter values \, 4 for which exist solutions u (a2), v(y) that satisfy 
the boundary conditions 


u(a)=u(bh)=0, =0,7 


and which oscillate m and n times respectively (m = m, n = n,) in the intervals. 

In considering the graphs ( $§ 2-3) of the curves (A), corresponding 
respectively to a solution of the first equation (4) oscillating m times and to one 
of the second equation oscillating n times it is clear that when one of the 
curves is an oval ( Fig. 3 (6) ), there is a double infinity of values m, n for which 
there is no solution. For, if the curve uw (\) is an oval, i. e., if, for all values of 
x, the function Ay + «Ay takes on both signs, then for m fixed it has been shown 
in § 2 that the value of n can be taken so large that the graph of the function 
a (X) is everywhere at a distance from (0, 0) greater than that of the most 
remote point of «4 (). Hence in order that there be solutions of (A) of the type 


required it is necessary that for at least one value of « the function Ay + xAy and for 


at least one value of « the function Ax + «As» have each only one sign for all values 
of x in their respective intervals. 

It is then clear that if solutions of (4) of the type sought are to exist there 
must be a pair of half-lines corresponding to each of the curves w (A), uw (A) 
(see Figs. 1, 2, 3a). There are three possibilities: of these sets of half-lines 
one may (1) cut, (2) lie outside, (3) lie inside the other. As limiting cases, one or 
both the arms may coincide with one of the other set. 

In case (3) it can be shown that there are an infinite number of curves of one set 
which do not cut any of those of the other and that the oscillation theorem is not valid. 


* The particular method of attack in this section, which is much more concise and elegant 
than that originally developed by the author, was suggested by Professor BirkHorr. 


Ay = 0 (Fig. 2), equation 10 has for \ = 0 and n < m a solution when up < 0 
($1, A). 

= (), 
| 

= 0, 
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For let us denote by m, the number of zeros within the interval a,/, of that 
solution of (p,w’ )’ + qu = 0 which vanishes at x = a, and by m the number 
of zeros within the interval a. of that solution of ( pov’ )’ + qv = 0 which 
vanishes at y = a2 and, in order to fix the ideas, assume that the arms corre- 
ponding to uw (A) are within the arms corresponding to @(). Then the curve 
Z (X) lies outside the curve yw () for m = m,, except perhaps in a limited region 
about the origin. For sufficiently large » the corresponding curve 7 (\) lies 
at an arbitrarily great distance from the origin and hence entirely outside the 
curve (d) for m = m ($2). 

In case (1) there is evidgnily at least one solution for all values of m and n. 
Since there is at least one value of « for which Ay + «Ay» and Ay + «Awe have 
one and the same sign, by a linear transformation of the parameters \ and yu, 
Ay and Aw» can be made to have one and the same sign. If now 


Ay (x) , An(y) 
Ay (a) Aw (y) 


for all values of x and y, it is evident that the relation 


| Ayu? dx Ag dy 
e a — (la 


Apu*dx J Avo dy 
ao 


is impossible for any functions u(x), v(y), and that the curves uw (A), Z(A) 
having throughout their lengths slopes entirely different from each other (Form- 
ula 5) can cut in one point only. Hence in case (1) a sufficient condition for the 
uniqueness of solutions of equation (A) for fixed values m, n is that * 


Ay (x) An (y) — An (2) Aw (y) #0. 
That this may be written 
min (Ay / Aw) > max A») or min (A/A») > max (Ay / Ap) 


is readily seen. The result may also be stated as follows: It is sufficient that 
there exist a straight line through the origin each half of which lies within one 
set of half-lines; in other words that there exist a value of « such that 4), + «Ap 
and As; + «Ae each have one sign, but these opposite. 

Since in case (2) for m =m, n= m the curves » (dX), Z(A) lie outside the 
half-lines, it is clear that there are at least two solutions of the type sought. Ifa 
straight line can be drawn through the origin each half of which lies within one 
set of half-lines, in other words if there exists a value of x such that Ay + «Ay 


* This relation is invariant under the parameter transformation and may be applied to the 
original equation. 


4 

4 

4 
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and A» + «Aw each have one sign, but those opposite, then, by a linear transform- 
ation of parameters, it is possible to make Ap =0, A» =0. Since in this 
vase X and _ are decreasing functions of «(§2), and X and X_ are increasing 
functions, there can be at most two intersections, one for positive values of \ 


and one for negative values. 

In cases (1) and (2) it is evident that not every line within one of the sets of 
half-lines lies in the other. For the existence of solutions of (A) of the type 
sought it is then necessary that there exist two values 8 and ® such that Ay + KA» 
has one sign and A + KA is zero or of contrary sign for at least one value of y 
and that Ax + FAxe has one sign and Ay + KA ts zero or of contrary sign for at 
least one value of x. The statement of the sufficient conditions is the same except 
that zero is excluded. That the solution in case (1) be unique and in case (2) 
double, it is sufficient that there exist a value x’ such that Ay + x’ Ay, Ao + x’ Axe 
have each one sign and those opposite. 

By a linear transformation of the parameters \, u the directions x, may be 
chosen as the axes. The normal form of the equations (A) in case there are 
solutions of the type sought is then 


Ay = 0 for every z, Ay < 0 for some 2; 
Ao < 0 for some y, Aw = 0 for every y. 


Brown UNIVERSITY, ProvipEence, R. I. 


THE ABSOLUTE MINIMUM OF A DEFINITE INTEGRAL IN 
A SPECIAL FIELD* 


BY 
E. J. MILES 


There are many examples illustrating the general theory of relative minima 
in the calculus of variations, but comparatively few cases have been given where 
questions of absolute minima are discussed. This is due no doubt to the fact 
that the conditions which must be set down in order to establish a priori the 
existence of an absolute minimum are very strong. If the existence of an absolute 
minimum has been established, the minimizing curve is contained among those 
furnishing relative minima. 

In this paper it is intended to discuss the absolute minimum of a definite in- 
tegral 


ty 
F(x,y,2’,y’) dt, 
vty 


in a special field. In the first section the properties of the function F and of 
the admissible curves through the fixed end-points 0 and 1 are given, the prop- 
erties ordinarily imposed in the Weierstrass theory. Then, under the assump- 
tions made, it is known that there exists a one-parameter family of extremals 
passing through the point 0. This family will in general have an envelope and 
it is customary to assume that the enveloping curve has no singularities in the 
region under discussion. In § 2, on the contrary, some properties of a one-para- 
meter family of extremals whose envelope has a cusp will be discussed. Suclhr 
families have been considered by KNESERT, Oscoopt, Hann§, LInDEBERG|!, who 
have been concerned for the most part with the minimizing properties of the 
extremal passing through the cusp point. In § 2 a discussion is given of the 
way in which the extremals cover the region near the cusp point. It is shown 

* Presented to the Society, December 29, 1910. 

tMathematische Annalen, vol. 50 (1898), p. 27; and Lehrbuch der Variations- 
rechnung, sections 24, 25. 

tTransactions of the American Mathematical Society, vol. 2 (1901), 
p. 166. 

§ Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften in 
Wien, vol. 118 (1909), Abtheilung IIa, p. 99. The conditions under which Hann works 
are weaker than those of OsGoop. 

|| Mathematische Annalen, vol. 59 (1904), p. 321. He considers the curves in the 
form y = y(z). 
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that outside the V-shaped cusp region shown in Fig. 1 there is a single ex- 
tremal through each point, while for points within there are three, of which one 
has already touched the envelope. 

In $3 the field about an extremal arc whose end points are conjugate is dis- 
cussed, under the assumption that the conjugate point is a cusp point in the 
envelope. It is found that the field can be regarded as a three-sheeted surface 
similar to a Riemann surface, the sheets being joined along the two branches of 
the envelope. Then in $4 it is shown that the envelope law for the integral 
holds along either branch of the envelope. In §5 a curve M in the V-shaped 
cusp region is determined which marks the cessation of absolute minimum in 
the field. This curve is continuous, passes through the cusp point 1 and is 
such that each extremal ceases to furnish an absolute minimum as soon as it 
meets this curve. Finally in § 6 sufficient conditions for an absolute minimum 
in the field are considered. 


$1. Properties of the function F. 


The conditions for the existence of an absolute minimum * in a region R, 
for the case of the definite integral 


J = | F(x,y,2',y')dt 


with fixed end points, were first given by Hitperr.7 
In the present paper it is proposed to study the question of the absolute 
minimum in a special field. Consider the extremal are Co, 


a=y(t), y=yv(t), 


of class C’f, without singular points, and joining two fixed points 0 and 1. Ina 
neighborhood of Cy, suppose that F (2, y, x’, y’) is of class C'Y and satisfies 
the homogeneity condition 


F (a, y, ka’, ky’) = kF (2, y, 2’, y’) 
for all values of x’, y’ for which 


at y +0. 


*For a discussion of the absolute extremum, see Boutza, Vorlesungen iiber Vari- 
ationsrechnung, Chapter IX. 

t Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 8 (1899), 
p. 184. 

tA function is of class C™ if it possesses continuous derivatives up to and including those 
of the nth order. : 
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Along Co it will be supposed also that F and the function 


are positive. 
Under these assumptions it can be shown* that through any point on the 
extremal ('o,, there passes a one-parameter family of extremals 


(C.) p(t,a),y= yi(t,a) 
which has the properties: 

(1) the extremal (9; is given by a = a1; 

(2) the functions ¢, ¢:, gu, ¥, er, Wee are of class C” in a certain vicinity of 
the values 


t=t=th, 


(3) for every (¢, a) in this vicinity the extremal (, lies entirely in the region 
in which the function F has the continuity properties described above. and is 
such that 

File(t,a), y(t,a), (t,a), %(t,a)]>0, 


(t,a)+ a) 


(4) the functional determinant 


A(t,a)= (4 


is such that for a = a, it does not vanish identically as a function of f. 


§ 2. Properties of a one-parameter family of extremals whose envelope has a cusp. 


It is desired to consider the one-parameter family of extremals through the 
fixed point 0 given by the equation (C,). Suppose the following hypotheses 
concerning the extremals and their envelope are made: 


I. gi(ti, ai) > 0; 
A(&,a@,) = 0, A(t, a1) < 0; 
III. Ct Aq (ti, a1) — be (ti, a1) Ay a1) = 0, 


We (t1, 1) Aa (th, a1) — (tr, a1) Ar (ti, a1) = 0; 


IV. a] A[t(a),a] <0, 


a] A,[t(a),a] > 0; 
where ¢ = ¢ (a) is the function defining the envelope of the family (C.), as 
will be explained presently. 


* Bouza, loc. cit., §27d. See also Buiss, The solutions of differential equations of the first 
order as functions of their initial values, Annals of Mathematics, vol. 6 (1905). 
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It is seen at once that no generality is lost in making the first hypothesis, since 
Com has not a singular point at 1. It could be effected by choosing a proper 
coérdinate system. 

The second one implies that the extremal ('o,, which may also be denoted by 
C,, has a point of contact with the envelope of the family (C,) at 1. 

Now consider the equation A(¢t,a) = 0 defining points on the envelope. 
Since A is a solution of the Jacobi equation, it follows that A, can never vanish 
simultaneously with A, and therefore that A; (4, a,) + 0.* If it is not negative 
change the parameter a into — a. Hence in the vicinity of the point (t,, a1) 
the equation 
(1) A(t,a)=0 


can be solved for ¢ in terms of a, the result being a function of the form 
(Ew) i=t(a), a — 


which reduces to ¢; for a = a,, and is of class C’. When expressed in terms of 
the parameter a, the equation of the envelope EF in the zy-plane then becomes 


(Ezy) 


The third and fourth hypotheses determine the nature of this envelope in the 
neighborhood of the point 1. By differentiating, the derivatives determining 
the direction of the tangent are seen to be 


—¢:[t(a),a] dA. [t(a),a] +e[t(a),a] [t(a),a] 
A:[t(a),a] 


_ _—vslt(a),a] Aslt(a),a] + volt(a),a] 
A.[t(a),a] ; 


From the third hypothesis it follows that the numerators of these two deriva- 


tives are zero at the value a; for which ¢ (a,) = t;. Consequently the envelope 
E., has here a singular point. But from the fourth hypothesis it follows that 
% (a) has a minimum at the point 1, since the derivative x, (a) is negative for 
a < a, and positive for a > a; that is, the two branches of E, corresponding 
to a < a, and a > ay, both lie to the right of the ordinate x = 2, as in Fig. 1. 
The curve E,, is tangent to the extremal C,, when a + a, since along it 
A=0, ga = ken, va = ky, 
and therefore 


Ze ¢ita + Pa = (ta + k) ge, Ya = = (ta + k) 


The two branches for a < a;, and a > a, are both tangent to C, at 1, since for 
a + a, the tangents to C, and E,, coincide, and the tangent to C, approaches 


* See Bouza, loc. cit., § 29b. 


= a 

ta = 

9 

(2) 

a 
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that of C; as (t,a) approaches the value (t:,4,). But since by hypotheses 
II and IV the derivative z, (a) is positive for a > a; and negative for a < ay, 
it follows that the direction of the positive tangent to the branch a > a, coincides 
with that of C; at 1, while the direction of the tangent to the branch a < a, is 
the opposite to that of C;. Hence the envelope has a cusp at 1 similar to that 
shown in Fig. 1. 


yA 


Fie. 1. 


With these hypotheses in mind it is proposed to study the solutions of equa- 
tions (C,) for ¢ and a as functions of x and y in the neighborhood of the point 1. 
It can be shown that a region 


(Ria) jt =d, la — =e 


and a constant 6 can be selected in such a way that the following conditions are 
satisfied : 
1) In Ry both g; and A; remain different from zero; 
2) every ordinate in the interval | x — x; | = 6 is crossed once and but once 
by each extremal are defined by Ru; 
3) for ordinates 21 — 6= a2 < 2; there is no value of a for which the envelope 
E,, intersects the ordinate; 
4) each ordinate satisfying 2; < z= 2,+ 4 is cut once and but once by each 
branch of E,,; 
5) on the interval 2; — 6 =z =2,+ 6 the extremals corresponding to a; + e 
and a; — e have no points in common with (; or the envelope E,,. 
The first condition is evidently possible since yg, and A; are continuous and 
different from zero at (t;,a;). From this it also follows at once that the curve 
E 1. defined above divides the region FR, into right and left portions denoted by 
and such that for all points in the function A(t, a) is positive, 


ta ta 


while for all points in R,, it is negative. Since the extremal Cy crosses the 


E 
2 M 
L— 3 
O E 
x 
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ordinate x = 2,, the second may be fulfilled by choosing a 64 first and then 
restricting e. To satisfy the third and fourth, restrict e if necessary so that the 
“ hypothesis IV holds on the whole 
of the intervals a; —-e=a< aq, 
and a; << a=a,+e, and select 6 
so small that each branch of the 
envelope E,, certainly cuts the ordi- 
nates of the interval 2; << x=21+ 6. 

Consider now the unique value of 


t for which a given extremal corre- 


sponding to a value a crosses the 
ordinate 2. This is a function 
t(x, a) which satisfies the equation 


s=o(t,a), 


and by the usual theorems on implicit functions is therefore of class C’ for the 


region 


The only points (2, y) in the interval | x — 2, |=46 corresponding to the 
region R,, by means of the equations 

(C2) w=o(t,a), y=y(t,a) 

are now those which satisfy the equation 

(3) 


For, if (x, y, t, a) are a set of solutions of (C,), the value of t would have to 
be t(2, a), and equation (3) would therefore necessarily be satisfied. 
The derivative of y (2, a) for a is readily found to be 


— + 
= ——— 


_ Alt(a,a), a] 
gi 


Hence on the ordinates x; — 6=2=2, the value of y constantly increases as 
a varies from a,— e toa,+e. At x= 2, the extremals C,,,., C,,_, are dis- 
tinct from Co, and E,,. Hence the value of 6 can be so chosen that condition 
5) is satisfied. On any ordinate x; < x=2,-+ 6 the value of y first increases 
from a point on C,,_, until a point of the upper branch a < a; of the envelope 
is reached, when A changes sign. Then y decreases to a point on the lower 
branch, and lastly increases again to a point on C,,,,.. 


Fia. 2. 
e | 
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It is clear then that to any point (2, y) in the V-shaped region between the 
branches of the envelope in Fig. 1, there correspond by means of equations 
(C.) three and but three values of (¢, a) in the region R,,, while for points 
outside of the V there is but one. The values of the functions t(., y), a(a, y) 
so defined are associated into branches which are of class C’ for points not on 
the envelope, since for such values (¢, a) the functional determinant of equations 
(C.) is different from zero. Along the envelope one branch retains its con- 
tinuity and differentiability, and it is not difficult to show that at a point (2, y’) 
on the envelope the other two are continuous and approach the same limiting 
value when (2, y ) approaches , y’ ) 


from the interior of the V-shaped 
region, although they are not neces- 
sarily differentiable. 

Suppose then a surface similar to 
a Riemann surface covering the 
region R,, as shown in Fig. 3. 

To each point (2, y) of this sur- 
face there corresponds one and but 
one solution [¢t(z,y¥), a(a, y)] of 
the equations (C,) in the region 


Riz. To each point of the V-shaped Fic. 3. 
leaf L’’ corresponds one and but one 


point of the region 2, to the right of the are E, in Fig. 2, while to each point 


of the second leaf L,’ of the Riemann sheet there corresponds one and but one 
point in on the left of Ex. 

Interpreted in terms of the extremals it can then be stated that through any 
point (x, y) of the region R., outside of the V-shaped cusp region in Fig. 3 there 
passes one and but one extremal belonging to the family (Ca). Through any point 
(x,y) of the V-shaped cusp region in R,, there pass three extremals. The functions 
t(x,y), a(2,y) so defined are associated into branches corresponding to the 
except at points of the envelope, where they 


sheets L;,, and L’,, and are of class C 


are, however, continuous. 


$2. The field about the extremal Co. 


Consider the are Co; and the envelope E. A certain neighborhood ( p) of Co: 
can be selected as shown in Fig. 4 in such a way that through each point of 
the neighborhood with the exception of 0 and the V-shaped cusp region bounded 
by the envelope there passes one and but one extremal, while, as was seen above, 
through each point of the V-shaped region there pass three of the extremals (C.) . 

For, as has been shown,* a circle of radius ( p’ ) can be found about the point 


* Bouza, loc. cit., § 33a. 
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0 which is simply covered by the <tremals (C.), whose boundary contains at 
least one point 4 of the are Co. irthermore the proof of the preceding section 
shows the existence of a region R,, about the point 1 which is multiply covered 
as has been stated in § 1, and whose boundary intersects Co; in a second point 
5. The usual proof for the existence of a field about an arc not containing a 
pair of conjugate points shows that a neighborhood ( p” )* of the are Cy; can be 
found which is simply covered, and a neighborhood (p) (Fig. 4) can thus be 
selected every point of which lies within the region defined above. 


Fic. 4. 


The field can be thought of as a Riemann surface on which the functions 
t(x,y),a(a, y) defining the extremal through the point (2, y) of the surface 
are of class C’, with the exception of the point 0 and the cuspidal edges of the 
surface. 

§3. The envelope law. 


The proof of the so-called envelope law in the case at hand when the envelope 
has a cusp, can be readily made in the ordinary way when the branches of the 
envelope are considered separately. For either branch the sign of the para- 
meter a can always be so chosen that along the branch of the envelope under 
consideration the positive tangents of the envelope and extremal coincide. 

Suppose then one considers the set of extremals (C,) passing through 0 
for the fixed parameter value ¢ = f) and touching the lower branch of the en- 
velope. It will be shown that the value of the integral J, 


J (az) = J (Co) + J ( Fes) 


a2), (t,d2), g(t, a), ve (t, az) dt 


+ fF Ge) da, 


* Bouza, loc. cit., § 31a. 
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taken along the extremal Co. and then along the envelope E from the point 2 
to 3, is always the same wherever the point 2 may be; that is, the function 
J (az) is independent of a. The point 2 may coincide with 1, for the valuc 
J (a,) is the limit of J (a2) as a, approaches a;. The value ¢2 is the value of 
tj = t (a2) defined by the equation (E,.) above. 


Fie. 5. 


This theorem is proved in the following way. Differentiating J (a2) with 
respect to dz one obtains 


dJ d te 
= iad, F dt 


dag 


dt 


Now making the usual integration by parts of the last two members of the 
part under the integral sign and remembering that the curve under consideration 
is an extremal, and besides that dt / daz, ga, Wa all vanish for ¢ = to, one finally 


has 


d dt fe 7 
da,? (Cw) = + [Fye,+ Fy 


But since F satisfies the homogeneity condition 
a’ F,+y'F,=F, 
this can be written 


te 


d di 


where the expressions in parentheses are exactly the derivatives Z., 7, as follows 
from the equations (E,,). Since at the point 2 the positive tangents to the 


E 
CY 

1 2 
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extremal and envelope coincide it follows that 


dy dy 
= KXa; = K k>0). 
dt ke dt 


And furthermore since the derivatives F,,, F,, are positively homogenous with 


order zero, one has 
(Cor) = Ya) tat Fy Ys Las Ya) Yul = 


da," 
where %., Ya are the direction cosines of the tangent to the envelope. But 
when the integral J (£23) along the envelope E is considered and its derivative 
taken, one has 

d 


J (Eo3) = F(2%,Y, %a, Ya) da = — F(z, ¥, Xa, Ya) 


da, daz Ju. 


Hence after adding, the sum of the derivatives turns out to have the value zero; 
& 
d 
da, 


d 
J (Cox) + J (Eas) = 0, 


Therefore the sum of the integrals J (Coz) and J (E23) is always the same, 
wherever the point 2 in Fig. 5 may be, and has the same value as that of the integral 
J (Co3); t. e., its value where the point 2 coincides with 3. Hence the value of 
the integral J (a2) is independent of a. A similar statement holds for the other 
branch of the envelope. 


§ 5. Determination of the locus of the points on the extrema!s at which the abso'ute 


minimum ceases. 


The existence of more than one extremal through certain points of the field 
R., having been shown for the V-shaped region near the cusp point (21, y:) 
it is now important to consider the relative va'ues furnished by these extremals 
through a given point of this region. The extremal arc through a point of the 
V-shaped region, corresponding to values t (2, y), a(2, y) in the region RY, 
can never furnish even a relative minimum in the field. For such an extremal 
is always tangent to the envelope before it intersects (2, y), and the envelope 
theorem can be applied in the usual way to prove that such an are cannot 
minimize. 

It will be shown that starting from the point 1 a curve is uniquely determined 
which marks on each extremal of the field the point at which it ceases to provide 
an absolute minimum in comparison with other curves of the field. 

Consider again the set of extremals (C,’) through the fixed point 0, having 
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the envelope E with a cusp at the point 1, as shown in Fig. 1. The extremal 
through the point 1 will have for equations 


f,ai),y= v(t, ay) ; 
those extremals touching the envelope on the lower branch may be denoted by 
(C”). x y=yi(t,a’), 
and the extremal touching the upper branch will have for equations 
(C) a), y=yit,a), (a <a;). 


Consider now an extremal C’ cutting the envelope F in a point 2 and tangent 
to it at a point 3 (see Fig. 1). Through every point 4 of the are C,,, there passes 
one and but one extremal are (9; which contains no point of tangency with the 
envelope. For Cj in particular it follows from the envelope law that one has 
the equality 


J (Co) =JS (Can) +d (Fiz), 


where 2 is the intersection of C’ and the branch a < a; of E. But since Weier- 
strass’ construction can be made along (Co; + £2 in the field of extremals C’, 
it follows that 
J (Cue) <I Cu) (En); 
and hence 
(4) < (CQ). 
Similarly 


where 3 is the point of contact of C’ with the brancha > a, of E. Consequently, 


from the continuity of F’, it is seen that on the arc C;, there is at least one point 


4 between 2 and 3 such that one has the equality 
(6) J (C,,) = J (Cy)- 


It will be shown that there is only one point 4 between 2 and 3 and one ex- 
tremal Co; for which equation (6) holds. 

In as much as there is only one extremal of the set C which passes through a 
given point of the region under consideration before it touches the envelope, 
it follows that any point on C’ between the points 2 and 3 determines a unique 
extremal of this type which passes through it. In other words when a’ is g ven, 
ach t’ between fz and ¢; determines one and but one set of values (¢, a) for which 
the equations 
(7) 


hold. Consequently both ¢ and a may be considered as functions of ¢’ and a’ 
which are of class C’ since A (t, a) + 0, and after transposition of J ( Co.) the 
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left member of equation (6) may be thought of as a function of t’, say W (t’). 
when a’ is fixed. Written out in full this function is 


| Fle(t,a’), v(t',a’), (U,a’), a’) dt’ 


where for simplicity the subscript 4 is omitted in the upper limits of the in- 
tegrals. Hence the statement that there is only one point on C;, for which 
equation (6) holds will be proved if it can be shown that there is only one value 
of ¢’ in the range of values ¢, =¢/ =t, for which W (t’) vanishes. From (4) 
the values of W (¢,) is negative, and on account of (5) it follows that W (t;) 
is positive. It will therefore be sufficient to show that the derivative of W (t’) 
has constantly the same sign in the given interval. On differentiating it is found 
that the derivative W’ (t’) becomes 


W'(t)=Fle(t,a’), 


da ("90 


4 


ot 
— Fle(t,a), ¥(t,a), a), W(t, a)] 


which for brevity will be written in the form 


=F (?t,a’) —F(t,a) (tea) de, 


Now consider the last term of this derivative. On differentiating out it becomes 


After making the usual integration by parts and remembering that the curves 
considered are extremals all of which pass through the point 0, we obtain the 
following result: 


4 


a)dt= Fe (t,a)e,(t,a) + Fy (t, a) a) 


Hence the derivative becomes 
ot 
a) 
(8) ‘ 


da da 
Fy (t, a)y,(t, a) 


— F,(t,a)¢,(t, a) 


4 


1912] OF AN INTEGRAL IN A SPECIAL FIELD 47 


In order to simplify this expression consider the derivatives of the equations 
of condition (7) at the point 4. It is readily verified that the following relations 


hold: 


gy (t’,a 


Substituting these values we have equation (8) in the form 


W'(t) = F(t,a’) — Fy (t,a)gy(t, a’) — Fy (t,a) y(t, a’) 


ot 
(t,a)] 


On account of the homogeneity condition which the function F satisfies it is 
seen that the coefficient of dt/ dt’, vanishes. Hence written out in full the 
derivative of W (t’) is 


W’(t’) = Fle(t',a’), y(t’,a’), g:(t’,a’), ¥i(t’,a’)] 
— F,[¢(t,a), y(t,a), g:(t,a), a’) 


4 


Fy[¢e(t,a), y(t,a), gi(t,a), ¥i(t,a)] y(t’, a’) 
that is 


where E is the well-known Weierstrass function.* From this it follows, since 
F,> 0, that the derivative is always positive; and therefore the function 
W (t’) is monotonically increasing as t’ takes all values in the interval t; = t/ St). 
But inasmuch as VW (¢t’) is negative at the point 2 and positive at 3 it follows 
that there is but one value of t' for which W (t’) vanishes and therefore but one point 
4 on the extremal C’ for which equation (6) holds. 

Hence by means of equations (7), which express the fact that ¢ and a are 
functions of ¢’ and a’, the equation 


— Fle(t,a), ¥ (4,0), a)lae 


may be regarded as defining ¢’ as a function, t’ = T (a’), of a’. Moreover 
this is a single valued function of class C’ for t, = t’ = t,, since by the above for 


* See Bouza, loc. cit., § 306. 
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every a’ there is only one value of ¢’ for which the equation holds, and the de- 
rivative OI / dt’ is different from zero. A continuous curve WV is thus defined 
by means of the equations 


(M) r=o[T(a’),a’], y= 


wh ch has the property that it passes through the point 1, as ‘s seen at once when 
it is noticed that for a’ = a, the equation W (t’, a’) = C is satisfied by the 
values = t= t,, and a= a;. Consequently it follows that there exists 
a curve M of class C’ in the V-shaped region of the field (see Fig. 1), which passes 


through the point 1 and has the property that any extremal are C\, which does not 


o4 
intersect M gives a smaller value to the integral J than the value given by the cor- 
responding extremal C,,. On the other hand if C), intersects M then the integral 


value J (C\,) is greater than J (C,,). 

As a corollary to these results it follows that as the point 4 moves from O along 
the extremal C’ , the are C), ceases to furnish an absolute minimum for the integral 
J in the field when the point 4 coincides with the intersection of C’ and M. 

Similar statements hold for the extremals of the set C. 


$6. Sufficient conditions for an absolute minimum in the field. 


With the aid of the curve determined in the preceding section it will be 
possible to show that an extremal are Co: which does not contain the point of 
intersection of C with the curve WV furnishes a smaller value to the integral 
than any other admissible curve lying entirely in the field. A similar statement 
holds for the extremals C’. In the following the proof will be given for the 
set C. The proof for the second case can be made in an entirely analogous 
manner. 

It will be necessary to compare C2 with three kinds of variations: (1) when the 
variation J": joins 0 with the extremity 2 of Co. in the leaf L,, , and lies entirely 
within the leaf, i. e., the continuous set of values (¢, a) a'ong Vq all belong to 
the leaf L;,; (2) when V’,, lies entirely within the leaf but joins 0 to the point 
of the leaf underneath 2; (3) when Vj, crosses the boundary of the leaf. These 
cases are illustrated in Fig. 4. 

Consider first the case when the curve V lies entirely in the leaf L;,. From 
the usual theory of the calculus of variations it is known that the extremal 
Ce furnishes a smaller value to the integral than any such admissible curve. 
For along the curve V the Weierstrass construction is possible, and by hypothesis 
the £-function is always positive. In case 2) it is known for the same reason 
that 

J (Von) > (Coe), 


and furthermore on account of the position of 2 with respect to the curve M 
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on the are Co, that 
J (C..) > J (Cy). 


02 
Hence in either of the two cases the extremal (2 furnishes a smaller value to 
the integral than any admissible curve of the types denoted by 1) and 2) which 
lie in the field. 
It remains now to consider the case when the curve }” crosses the boundary 


of L’,, i. e., when at some point of V>, the corresponding values of (t, a) belong 
to the envelope E. It will be necessary to consider only the case when J” 
crosses the boundary once, for if it should have any finite number of crossings 


the methods of proof would be the same. In Fig. 4 let V 


o2 be such a curve. 


Denote its point of intersection with the boundary by 3. Then from the en- 
velope law and the usual theory it results that 


J (Cu) + (Es) = J (Cig) < J 
But the curve C,, + E,, + V;, is an admissible curve in the field of extremals, 
of type V, and therefore the Weierstrass construction holds. In consequence 
of this, one has the inequality 

J (Cu) < (Co) +d + J (V2), 
and therefore as a result of the preceding 

J (Ce) < J (Von) +d = J (Vee). 


Hence an admissible curve of the kind considered in case (3) also does not furnish 
as small a value to the integral as the extremal arc C),. Therefore the extremal 
are C;,, actually furnishes a smaller value to the integral J than any other admissible 
curve in the field, provided that it does not contain the intersection point of C’ and M. 


Tue UNIVERSITY OF CHICAGO. 


Trans, Am. Math. Soc. 4 


| 

H 

t 

| 
| 

{ 


AN EXISTENCE THEOREM FOR A PROBLEM OF THE CALCULUS 
OF VARIATIONS IN SPACE 


BY 


E. GORDON BILL* 


It is a fundamental theorem of the theory of functions, that if any function 
is continuous over a closed region, it will necessarily assume its maximum and 
minimum values. Similarly for the calculus of variations it is of prime impor- 
tance to know when the integral 


et) 
| F (a,, dt 


will have associated with it a definite curve along which it assumes its maximum 
or minimum value, i. e., when the calculus of variations problem will have a 
solution. In regard to this question HiLBerry{ in 1899 stated: “* Eine Jede 
Aufgabe der Variationsrechnung besitzt eine Lésung, sobald hinsichtlich der 
Natur der gegebenen Grenzbedingungen geeignete Annahmen erfiillt sind und 
noétigenfalls der Begriff der Lésung eine sinngemiisse Erweiterung erfihrt.” 

In 1900 Professor Hitsert sketched a proof of this statement for the case of 
the plane, which Professor Boiza f and others have since completed. 

It is the object of this paper to demonstrate this 4 priori existence theorem for 
space, i. e., we shall prove that under certain general conditions every problem 
of the calculus of variations in space admits a solution. Without loss of gener- 
ality we may consider only the case of a minimum. 

The proof will be accomplished in two parts: first, as a result of the researches 
of Buiss and Mason in these Transactions, the theorem will be seen to be 
true “im Kleinen,” i. e., where the region considered is sufficiently small; 
second, it will be demonstrated “im Grossen” by a method whereby the mini- 
im Kleinen ” to 


mizing curve is obtained by applying the existence theorem 
only a finite number of points, which are defined as limiting points of points 
lying on a sequence of approximating curves. 

We shall assume that all curves considered, i. e., all ‘‘ allowed ” curves are 

* Presented to the Society, December 29, 1908. 

+ Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 8 (1899), 
p. 184. 


t Bouza, Vorlesungen tiber Variationsrechnung, pp. 419-436. 
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rectifiable and except at possibly a finite number of points have continuously 
turning tangents. The integral J considered is defined in the generalized sense 
of Weierstrass. 

It will be convenient to represent the integral 


to 
J= F(z,y,2,2',y',2 )dt, 


t 


when carried over the curve C from the point P; to P2 by J (Cp,p,). If carried 
over a curve C; we shall designate it by J; (Cp,p,). 

The term “ field sphere ”’ will be used for a sphere of such radius that there 
exists a set of extremals through its center simply covering the interior of the 
sphere with the exception of the center itself. Finally the expression “ sphere 
(P,r)” will represent a sphere of radius r and center P. 


$1. The existence theorem for a small region. 
We shall make the following assumptions: 


I. F(x,y,2,2’,y',2’,) is of class C’” for all points (2, y,z) in a region 
of space R’ and for x’? + y’* + 2” + 0, and satisfies the condition 


F (2x, y,2, x’, xy’, xz’) = «KF y,2,2',y',2) 


in the same domain. 
Il. Fi(v,y,2,a,8,7)*>O0 for (x,y,z) in a finite, closed region R 
entirely interior to R’, and for all values of a, 8, y such that 


e+ B+ 


Il. Fy, Fyy, Fey =0 for values (2, ¥,2z,a,8,7) in the same region. 

This set of hypotheses is sufficient to prove the existence of a solution of the 
minimum problem “im Kleinen,” i. e., 

Tue AuxILiAry THEOREM. Positive constants d, e can be determined such that 
there passes from any point P, interior to R, to any other point P2 also interior 
to R exactly one extremal are E of class C’’ , provided that the distance P, P2 is less 
than d. This extremal is of length less than e, lies entirely within the sphere 
(P,,d), has no multiple point, and gives to J a smaller value than that of any other 
curve of class D’ joining P; and Py: and lying in the sphere (P;,d). 

The validity of this theorem follows from the above mentioned work of Bliss 


and Mason, namely from the following three theorems: 


* For the definition and properties of these functions see the paper by Biiss and Mason, 
The properties of curves in space which minimize a definite integral, Transactions of the 
American Mathematical Society, vol. 9 (1908), p. 440. 
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(a)* The two parameter family of extremals 
(8; Xi, Yi, 2%i,a,B,Y), 
(8; i, Yi, 2i,a,B,Y), 
= x (8; yi, 2i,a,B,y) 


through a fixed point P; (2;, yi, z:) of the region R, simply cover the interior 
of a sphere ( P;, p;) with exception of the point P; itself. 

It is to be noted that the functions ¢, y, x and their first and second derivatives 
with respect to s are of class C’ for (x;, yi, z:) in R, O=s =e and a’? + 6? + 
y? = 1; where s is the length of arc measured along an extremal from the fixed 
point P;, and a, 8, y are the direction cosines of the tangents to the extremals 
at P, 

(b)t The radii p; of these field spheres are not evanescent for any set of 


points of R. 

(c)t The existence of a field about a given extremal arc, which itself is one 
of the field, is, together with the assumptions II and III, a sufficient condition for 
the existence of a strong minimum. 

The truth of the statement that L has no multiple point follows from the fact 
that if r represents the rectilinear distance from P, to a point of F interior to 


(P,,d), the derivative dr/ds is positive for 0=s=e,(m,y,2) in R, and 
e+ B+ =1. 

From the three known theorems above, we are assured of the existence of a 
minimizing are Ep,p, of the integral J , provided that the distance from P, to P» 


is sufficiently small. 
$2. The existence theorem in general. 


In addition to the assumptions made on F and allied functions in $1, we make 
the following assumptions and call the totality I-V, assumptions (A): 

IV. F(2,y,z,a,8,7) > 0 for (x,y,z) in Rand 

V. Ris “ extremal convex.’’§ 

By the aid of these hypotheses (I—V ) we can demonstrate the existence of a 
curve which minimizes J, i. e., we shall prove: 

Tue Principat THEOREM: Any two points A and B of the region R can be joined 


* Bitz, The construction of a space field of extremals, Bulletin of the American 
Mathematical Society, vol. 15 (1909), p. 374; and Briss and Mason, Fields of ez- 
tremals in space, Transactions of the American Mathematical Society, vol. 11 
(1910), pp. 328-332. 

7 Buss and Mason, loc. cit., vol. 11, p. 332. 

t Buiss and Mason, lose. cit., vol. 9. 

§ Bouza, loc. cit., p. 276. 
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by at least one curve E , which is an extremal of class C"’, and for which the integral 


B 
A 


as less than or equal to the value given to J by any other curve C of class D’ lying in 
R and joining A and B. 

As the region & is closed, it follows from assumptions I and IV that for every 
point (2, y,z) of R and a’ + 6? + 7? = 1 we have the inequalities 


(1) F (z,y,2z,a,B,y) >m>0O, 


where m is a properly chosen constant. 
Hence if C is any curve joining A and B and lying in R, L its length from 
A to B, and AB the rectilinear distance from A to B, it follows that 


J (Cag) =m-L=m-AB>O, 


and hence there exists a lower limit K > 0 of the values J (C4, ) taken over the 
totality of all allowed curves C joining A and B and lying in R. It follows 
then from the definition of a lower limit, that from these curves C we can pick 
out an infinite set of curves 

OF Ci; C2, C3, 
lying in R and such that 
(2) lim J;(Caz) = K, Caz) > Caz) if r<s. 


We shall next define an important set of points (k= 0,1, n) 
where P)?= A and P!?=B. These are points dividing C; into n parts 
such that 

1 


Among these points consider the points P;, i. e., all the first points of division 
of C;. As this point set is infinite and limited, it has at least one limiting point 
P” in R. We can then pick out from the curves of ©, the set 

C, CY, CS’ 
such that 
lim Pi?) = P”, 
and hence a set whose first points of division have a single limiting point P''’. 

On the set of curves G; are the second points of division P’, which have at 

least one limiting point P, and we now discard all the curves of ©; except the 


set 


(2) (2) 2) 
C?,C?,C®, 
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which have the property that 


lim P? = P®), 


i=mn 
At the same time for this set ©» we must also have 


lim P? = 


x1) 
i 


is contained in the set originally designated P(” 


which had but one limiting point P"”. 


as this latter point set 


Thus we pass from ©, to ©; and finally obtain a set of allowed curves joining 
A and B and lying in R, namely 


such that 
(4) lim P? = P® 

where P’” = A and P” = B. 

We can now prove the important theorem: 

TuHEeoreM I. The minimum value of the integral J over all allowed curves, 
which lie in R and join P” and P“*”, is rK/n. 

In the proof of this and the following theorems we shall adopt the following 
notation: 


L:(k,k +r) = length of C; from PY? to P!*”; 
P, P, = the rectilinear distance from P; to Ps; 
Sp,p, = the straight line determined by P; and P2. 


By the definition of a lower limit, 2 can be taken so great that simultaneously 


€ “Dik+r) 


HA 
where J is the finite maximum value of F in Rf, and ¢ is any positive constant. 
Hence 


H = J a M p™ < 


and 
€ 


Moreover from equations (3) we shall have, when 7 is chosen sufficiently 
large, 


r r 
G =I (Compt) == Can) <= 
n n 3 


\ 

Cy ’ CS’; 
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and hence finally 


H+G+Q< 


Let us for the moment designate by min. J ( P; P2), the minimum value of J 
carried over all allowed curves joining P; and P, and lying in R. Then the last 
inequality shows that 
r-K 


min. J P“+”) = 


But here the inequality sign cannot hold; for assume the contrary, i. e., 


r-k 
a = min. J ( P” P“+”) < 


As we know that 


b = min. J ( 


it follows from the properties of lower limits that 
min. J (AB) = K=b+a+ec< kK, 


which is absurd, and hence 
r-K 
(5) min. J (PP*t”) = 
n 

Let us now so choose the constants d, e defined in the auxiliary theorem, 
that if for any two points P;, P: in R we have P; P2 < d, the extremal joining 
P, and P» will lie entirely in R, a choice which is possible from assumption V. 
In order to complete the proof of the principal theorem, we need to be sure 
that the curves joining P”, P“*” and P“*®, and made up of the curves S p»p, 
Cpmpe and Spe»), lie entirely in the field sphere (P”, d). Hence we prove 

TuHeorEM II. The number of divisions n can be chosen so large that 


d 
<§, (i+ 1,84 2)<<¢, and Li(k,k+2)<d. 


The value of n which it is sufficient to take is any value satisfying the in- 
equalities 


OJ, (Caz) 25: (Cas 


ae 


m-d 
on account of the property (1) of the function F. For we have 


Ji (Compe) = m-Li(k,k+1), 
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Ji (Cpempr) = (k+1,k+2), 
Js = m-Li(k, k +2). 
Hence by (2) and (6) we have 
Ji ) Caz) 
= 
m 
Li(k+1,k+2) m 


( Cp *) pit?) ) Caz) 
< <d 


m ~ 


Li(k,k+1)= 


Li(k,k+2)=s% 


Hence by the definition of limiting points we can choose i so large that the 
above mentioned curves joining the points P“’, P“*” and P“*® in pairs have 
lengths less than d and hence lie entirely in the field sphere (P\“’,d). At the same 
time we can replace in the above inequalities the points P‘"’", P+", P\'*” respec- 
tively by the points P”, P’“*", P“*®, and can hence apply to these latter points 
the results of our auxiliary theorem. 

This leads us to the fundamental theorem: 

TueoreM III: The integral J carried over the extremal arcs Ep pe and 
Ep) has the values K/n and 2K /n respectively. 

It will suffice in order to prove the above theorem to consider simply the 
value 

J (Epp). 

Let i be so chosen that 


Xk) PA) 
PPP < 3M’ 


€ 


9(4+1) Dik+1) 


Then we have the inequality 
J + ( + (Spe pen) < +e, 


provided that 7 is taken sufficiently large, which shows that 
K 
n’ 


(C 1) ) = 


where C denotes the curve 


Spop»+ pe) Spo ply, 


But we are sure that the extremal £,,*) will not give to J a value greater 
than the one given by the curve C’, which by Taeorem ILI also lies in the field 
sphere (P”, d), and by Tueorem I we know that E,,) cannot give to J 


a value less than K/n. 
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Hence finally we have shown that 


Ad 
J = J 
n n 
We can now complete the proof of the principal theorem by demonstrating 
TnHEeoREM IV: The arcs of extremal Epopey(k = 0,1, ---,n—1) forma 
continuous curve of class C’’ joining A and B and over which the integral J as- 
sumes its minimum value K. 
It is certain that the point F 
should have two curves E,p,**) and Ep»pe) + Epp), lying in the field 
sphere (P”, d), over which J assumes its minimum value 2K /n, and this is 
impossible. 


2+) must fall on the are Ep,**) as otherwise we 


Extending the same arguments to the points P“*", P***?, P“*® and P*~", 
P®, P“*” we see that all the extremal arcs joining these in pairs form a curve 
E4z, Which has a continuously turning tangent and along which J assumes its 
minimum value K. From the properties of the functions ¢, y and x, the curve 
is of class C”. 


§ 3. Other assuniptions sufficing to insure the existence of an absolute minimum. 


The importance of the above existence theorem results partly from the fact, 
that if we know all the curves which make an integral a relative minimum, and 
at the same time know in advance the existence of a curve making the integral an 
absolute minimum, then the latter curve will always be found among the 
former. The existence of an absolute minimum has been proved on the basis 
of the assumptions (A). It will be interesting in this section to see that the 
proof can be made under the other quite general circumstances described below 
under (B) and (C). 

Hypornueses (B): 

I. The same as (A) I. 
Il’. > Ofor (2, y,z) in anda’?+ + 77 = 
=0 for (x,y,z) in anda’? + 7? = 


za? 


yy’? 
IV’. F(2,y,2,a,8,y) > mfor (x,y,z) in ande’®+ 7’ = 


where m denotes a positive constant. 


V’. The region 2?’ shall be the whole of space. 
HypotTHeses 
I. The same as (A) I and (B) LI. 
Il’. The same as (B) IV’. 
Ill’. The same as (B) III’. 
IV”. For any point (2, yo, 20) a constant d (20, Yo, 20) > 0 can be so chosen 
that if we set 
6=1 (x — ao)? + (y— yw)? + (z- 
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the function F will satisfy the inequality 
F (x,y,2,a,B,y)> 


for (v7, y,2z) in 

V’. The same as (B) V’. 

In order to use the proof of the theorem derived in the preceding sections, 
for assumptions (B) and (C), it will evidently suffice to show that there must 
exist under these hypotheses a finite closed region of space R, within which all 
the curves, joining A and B, that we need to consider must lie and which itself 
is interior to a finite closed region R. 


1+ 6 


As we are considering only the case where the extremum of J is a minimum, 
it will suffice in order to obtain this restricted region to prove the following 
theorem: 

Under hypotheses ( B) or (C), for each G > 0 we can choose a finite closed region 
R, of space, so large that if any allowed curve C joining A and B goes outside of 
R,, then J (Caz) > G. 

Let a and b denote the minimum distances from A (2, yo, 20) and B( a, y1, 21) 
respectively, to the boundary of any finite closed region containing A and B 
on its interior. 

We then choose under ( B) the region R; as such that 

a+b> 


n 
and under (C) so that 


G 
at b> *0), 
Then if L denotes the length of any curve C joining A and B and going outside 
of R,, we have for the cases (B) and (C), respectively, 


(B) J(Caz)=m-L>m(atb)>G; 


dds * yds 
A A 


its 


where in \ and d we suppose the coédrdinates of A substituted for 29, yo, 20. 

Thus we have shown that for every given minimum problem, there must 
exist under hypotheses (B) and (C) a finite closed region of space R, within 
which all curves considered must lie. For the region R we choose any finite closed 
region including J, on its interior. 

Finally we choose the constants d and e, defined in the auxiliary theorem, for 
the region R and choose them so small that any extremal of length = e through 
a point of A, will be necessarily within R. This insures that our region R is 
“extremal convex ”’ and the theorems proven for hypotheses (A) now apply. 


Bonn, GERMANY, 
March 14, 1911. 


LINEAR ALGEBRAS* 


LEONARD EUGENE DICKSON 


We consider linear algebras of which neither the associative nor the com- 
mutative law of multiplication is assumed, but which contain a modulus. It 
is shown in § 2 that every element Y satisfies an equation whose degree is the 
number of units and which is derived from the well-known characteristic equa- 
tion of a linear associative algebra by replacing X* by Y (YY), ete. In §3 there 
is developed a very simple theory of polynomials in these quasi powers LY, 
X (XX), ete. 

Linear algebras in which every element satisfies a quadratic equation are 
treated in §§ 5-7. By making either of two sets of further assumptions, we 
obtain algebras of the quaternion type. 

While in §§ 1-7 the coédrdinates range over the elements of a general field 
(domain of rationality), we restrict attention in §8 to commutative linear 
algebras in the field of real numbers with division always possible and unique. 
It is shown that the numbers of units is at least six, and that if there be only six 
units the characteristic sextic is the equation of lowest degree which is satisfied 
by the general element of the algebra. Of linear algebras with a modulus, with 
real coérdinates and with division uniquely possible, multiplication is associative 
but not commutative in the quaternion system, whereas multiplication is com- 
mutative but not associative in no algebra with fewer than six units. 

In § 9 we exhibit commutative linear algebras with six units in which every 
element is a root of a quartic, but not of a quadratic or cubic, equation. 

In § 10 it is shown f that division is always possible and unique in CAYLEy’s 
non-associative linear algebras in eight units with real codrdinates. 

1. Definitions and notations. — Given a field (domain of rationality) F and 
n elements ¢;, «++, én, linearly independent with respect to F , and such that 


n 
(1) ese; = vijner (i,j =1,...,; YsinF), 
k=1 


* Presented to the Society at Minneapolis, December 28, 1910. 
t For an extensive class of fields, not including the field of reals, commutative linear algebras 
in which division is uniquely possible are given in my papers in these Transactions, vol. 7 
(1906), pp. 370-390, 514-522. 
t Added November, 1911; presented to the Society at Chicago, December 29, 1911. 
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we shall say that the set of elements =2,e,,in which the 2, range over F , form 
a linear algebra. The sum, difference and product of two elements X = Lz,e; 
and X’ = Yv;e; are defined by 


n 


n 
(2, = 2; )e,, xx => 2; = >» 
i=1 i, j=l i,j,k 
ultiplication is not assumed to be associative or commutative. 
Given two elements X and Y of the algebra, Y + 0, we can determine an 
eement Y’ such that XX’ = Y if 
A(X)= Dd = 
i=1 


aXiVinn 


is not zero; we can determine XY’ such that X’X = Y if 
n 
A’(X) = Dd 
i=l 


‘'s not zero. We call A(X) the right hand determinant of X, and A’ (X) the 
left hand determinant of X . 

We shall assume that e; is a modulus, viz., that ey ¥ = Xe, = X for every ele- 
ment XY We shall write 1 fore. Then, by (1) fori = 1 and j = 1 in turn, 


(2) = Tai > Tis * Toa > 0 (j+#k). 


Thus 2; occurs only in the terms of A and A’ lying in the main diagonal. Hence 
if we replace x; by 2; — p, where p is an element of F, we obtain 


A(X — p) = — p) = 
i=0 i=0 
called the right and left hand characteristic determinants of X. Equating them 
to zero, we obtain the right and left hand characteristic equations. 
Avoiding the ambiguous symbol X"', we shall set 


Xo=oX=1, wW=KX, = X(;X). 


If >t,X;= 0, X is called a right hand root of the equation t;p' = 0; if 
ot; (,X) = 0, X is a left hand root. 

2. Theorem. Lvery element of a linear algebra is a left hand root of the right 
hand characteristic equation and a right hand root of the left hand characteristic 
equation; namely, for any element X , 


i=0 


n n 
n n 
(5) 
i=t = 
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Denote by x,, ---, 2, the co-factors of the elements in the first row of the 
determinant A(X). Multiply them by the corresponding elements of the 
kth row of A (X) and add the products. We obtain the coefficient y; of e, in 
Y= XX’. Hence y=O(k>1). Thus XXY’=A. Replace 
by 21 — p and let X’ become F = S'=) Fi’, where the F; are elements of the 
algebra. Then 


Equating coefficients of like powers of p, we get 
XF, Tos XF, F, XF,-1 = Feu = Ta. 


Multiply on the left the second equation by XY, the third by Y twice, the fourth 
by X three times, ete. By adding we get 2ri(:X) = 0. 

The proof * of 2/;X;= 0 is similar. 

> 


3. Linear combinations of the right hand+ powers Y; of an element X of a 
linear algebra have certain properties analogous to those of polynomials in a 


sealar variable. Set 


B B 
 Be= Bra X = 


Lemma. If a= be +d, where 


a 8 5 
i=0 i= 


i=v i=v 


then, for every element X of a linear algebra, 


a b § 
aX; = > Bit 


k=0 i=0 


For proof, set a; = a; -d;,a’=a—d. Froma’ = bc, we have 


a, = Zz CO: (g = greater of 0, i — 8; s = smaller of 4 
k=g 
For0 =k =v, the coefficients of X;in B, is b;_; or zero according asi — B=" =) 
or not. 
Corollary I. If X isa root of 


B 
Bo bX; = 0 
j=0 


*Bulletin of the American Mathematical Society, vol. 17 (1911), p. 294. 
Under the assumption that multiplication is associative, the proof becomes essentially that 
by Frosenivs, Berliner Sitzungsberichte, 1896, p. 601. 

t Throughout the section we may replace right hand by left hand powers. 


{ 
} 
4 
i 
(X— p)F= Drip’. 
i=v 
| 
j=v 
| 
i= 
F 
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and if 
B 
Zz b; 


j=9 


4; 


i=0 


is a factor of 


then 


> a: X,=0. 


Corollary II. If X is a root of 3b; X; = 0, but of no similar equation of lower 
degree, then = 0 implies that a; p' has the factor Zb;p’. 

Theorem. If a= La;p' and b= bp" have the greatest common divisor 
g = Xgip', and we set Gyo = = GoiX, ete., then 


Ag = =m,G,, Bo = Go = Bz, 


where the m, n, p, q are elements of F. In particular, Ag and Bo both vanish 
if and only if Go vanishes. 

To simplify the notation, let Euclid’s process to determine g terminate in 
three steps, so that 


a=b+d, b=de+f, d=fk+g, f=q. 


In view of the above Lemma, we have 
€ 


Ay = +De, Byo= Fo, 
k=0 


Do Fit+ Go, Fo > /, Gy. 
k—0 k=0 


By the last two equations, Dy = 2v;G,; by the second, By = =n, G;; by the first, 
Ap = =m,G,. Next, the.second equation gives 


j=0 


teplacing D;,, by its value from the first equation, we see that the third equa- 
tion gives Gp as a linear element of the A, and B;. 
4. Suppose that the general element X is a root of 


mA b ( m—1 X) + + X + Dn 


but of no similar equation of lower degree. By the preceding Cor. II, b,, is a 


i] 
L 
a 
i=0 
A 
€ 
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factor of the right hand characteristic determinant A(Y). Set 


Then XC = b,,. Let mi, ---, m, be the co-factors of the elements of the first 
row of A(X) and set M= =mie;. By $2, YM=A. Since Q is a scalar, 


X(QC) =(XC)Q=bnQ=A=XM, X(M-—QC)=0. 


Then XX’ = 0 for every XY, where X' = M — QC. The coérdinates ax, of X’ 
are polynomials in z,,---,2,. Then x, is identically zero in x,, +--+, 2,, 
while A(x) is not ($1). Thus 2;=0,X'=0. Hence M = QC, m; = Qe;. 


Linear algebras in which every element satisfies a quadratic equation.* 


5. Let the square of every element be a linear function of that element with 
coefficients in a field F not having modulus 2. Since e? = a+ be, (e —b/2)? 
is an element of F. Hence we take the fundamental units to be 1, @;, --+,@m, 
where e; = s;;,an element of F. We shall introduce new units 1, £),---, En 
such that 


(4) DE, =O @,k =1,..., 


where the c; are elements of F- The case m = 1 requires no attention. For 
m>1,t+j, (e; + e;)* is a linear function of e; = e,. Hence ee; + ee; 
is a linear function of e; + e;, also a linear function of e; — e;, and hence is an 
element of F : 


Let «4, +++, Um be arbitrary e‘ements of F and set U = Suj,e,. Then 


U;, 


By a linear transformation with coefficients in F , 


m 


u, = Ay 
i=1 


@ can be reduced to the form Tew?. Set 


k=1 


* Sections 5-7 were read before the Mathematical Club of the University of Chicago, 
May 18, 1906. 
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Then 1, £,, ---, E» are linearly independent with respect to F and may be taken 
as new units. Now 


U= => J? =x v, 0, E, E, = Dev; 


Hence relations (4) hold. 
Conversely, when these relations hold, every element 


(5) X=nt+D uF, 
k=1 


of the algebra satisfies a quadratic equation: * 


(6) X? — > 
k=1 


This quadratic is the equation of lowest degree with coefficients in F satisfied 
by an element X not in F. Thus, by § 4, o is a factor of A (XY) and the co- 
factors of the elements of the first row of A are qxo, — 9X1, +++, — Ga'm, Where 
q= A/c. 

If X is a root of a quadratic, all products of n factors each XY are equal and 
may be designated by X". 

6. Consider algebras (4) for which a product vanishes only when one factor 
vanishes. Then each ¢; is a not-square in F. Further, £;£; is linearly inde- 
pendent of 1, E;, E;. For, if 


E,E; = a+ bE;+ cE;, 
then 


be be: + ac 


c—ec — ¢; 


> 


Hence m= 3 and, by interchanging ---, we may assume that yi23 + 0. 


Thus we may introduce the new units 


m 


k=3 


Then E{ is the constant Ly;,¢,, not zero, which we shall designate by c;. 
Taking p; = — ¢:y12i/¢3, we find that 


E,E, +E; E,E,+E,E,=0, E,E,+E,E,=0 @24,j=1, 2). 
These relations obviously remain true when any E; (i= 4) is replaced by a 
linear homogeneous function EF,” of E,, ---, E.,. By the argument leading to 


*For the field of all real members we may take c,. =—1. Then o¢ vanishes only if each 
zi—=0. Thus every element X +0 has an inverse (2x9 —X)/o =X,. If multiplication is 
associative, X Y — Z has the solution Y = X,Z. 


m 
m 
= 
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(4), we can choose linearly independent functions EF, , ---, E., such that 
, ELE, +E, E, =0 


Hence, dropping accents, we obtain a set of independent units satisfying relations 
(4) and also 


m 


(7) =¥2+ + Y122 + E3, | OF E; + > 


We now add the hypothesis that multiplication is associative. Thus 
E;(E:E;) = ¢:E;, (E;E;) E; = 
0 = E;(E;E;) + (E:E;) Ex = Ei t+ + Do vine (Ei Ex + E;). 


ki 
Hence = 0, = 0. By (4), = — Hence yi;;= 0. Thus (7) 
gives E,E, = E,. Hence 
E} = E,E,:E,E, = — E}, 
If m=4, E,(E,E,) = E3E;. But 
(Es =—C3%, ( E, E, ¥ E, E, E. E, = E; 


Thus c3 = ¢1¢2, in contradiction with cz; = — ¢c;¢2. Hence m 
E, = E,( = E;E, = (£,E2) = 
Hence, by (4), we have 
E, E, = 
E;E. = oF, = — E2E3. 

For this algebra we readily determine the conditions on ¢; and ¢2 under which 
right and left hand division is always possible and unique. The general element 
may be written in the form R+ SE., where R= r+ pK, and S=s+ ck, 
belong to the field F(E,). Set R= r— Then E.R= RE,. Hence 

(X + YE.)(R+ SE.) = XR+ YSe+ (XS+ YR) FE. 
For R and S not both zero, we require that this product shall equal an arbitrarily 
assigned element of the algebra. A necessary and sufficient condition is that 
R Sco 


A= _ |= 
S R 


shall vanish only when R= S=0. For S = 0, the condition requires that 


Trans. Am. Math. Soc. 5 


k=1 
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r? — p’c; shall vanish only for r = p = 0, namely, that c; be a not-square. For 
S +0, R/S is an element 7 of F (£,), and the condition requires that c2 
shall not be of the form 77. Similarly, 


(R+ SE:)(X+ YE:)=A+BE,, A=RX4+SY¥n, B=SX+RY, 


the determinant of the coefficients of X and Y being A. Hence right and left 
hand division is always possible and unique in algebra (8) if and only if ¢, ts a not- 
square in the field F and cz is not expressible in the form x* — cy’, x and y in F. 

We have now determined the linear associative algebras with coédrdinates in 
a field F such that every element of the algebra satisfies a quadratic equation 
in F and such that right and left hand division is always possible and unique. 
The algebra is either F itself, a field F ( £,) quadratic with respect to F , or one 
of type (8). 

If F is the field of all real numbers, c; and c, may be taken to be — 1 and (8) 
is then the quaternion system. Since a real polynomial in p is a product of real 
linear and quadratic factors, every element of an algebra satisfies a real quadratic 
equation. Hence the linear associative algebras in which division is unique 
and in which the codrdinates range over the real numbers are the real, the com- 
plex and the quaternion number systems. This result is due to FroBENTUS* 
and C. S. Perrce.t 

7. Consider algebra (4) for m= 3. Employing the notations (5) and (72), 
we find that the minor of the first element of the first row of A (X ) is 


Xo + + + 21131 + 22231 
Mo = | X2v212 + Xo + 217122 + 217132 + 22232 |. 
X2v213 + 23313 21123 + X3323 Xo + + 
From My = Qzo, we find by inspection that 


Ving Vg Ving 


+ 


tJ 


where i, 7, k form a permutation of 1, 2, 3, while in the final sum j < k. 
We discuss the algebras for which Q = oc. By the coefficients of 20, 
Tits Tits Y233 = Y121- 
Then the conditions from the terms quadratic in x1, 22, 23 become 
¥122'V121 + 131123 = O, 7131 Y122 — 1327121 = O, + Y231Y122 = O, 
+ = Vin — You = Vist + = 


~ *Journal fiir reine und angewandte Mathematik, vol. 84 (1878), p. 59, 


+America’n Journal of Mathematics, vol. 4 (1881), p. 225. 
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Let each c; + 0. In the second and third equations, the determinant of 
the coefficients of is — ¢3. Hence = = 0. By the first 
equation, = 0. Then 


Replacing E; by y'E3, we have 
5 7 


Ei 


(9) 
E, E, = ¢,E, + 43; E,E, = — + 4,3. 


If the associat:ve law holds, each 6;; = 0 and the algebra becomes (3) . 

We may specialize the 6;; by applying to the /; the transformation (J + Z)7' 
(I— Z), an automorph of = + + where J is the unit ma rix, 
Z= MY, M being the matrix of g and Y being any skew symmetric mattix. 
Here cz; = — ¢:¢2. We find that ¢; — E3, are transformed 
cogrediently with E3; likewise, 623, — ¢2 613, ¢3 612. In particular, 
433 + ¢, + is an absolute invariant. 


Commutative linear algebras in the field of real numbers, with division always possible 
and unique. 


8. The association law is not assumed. Let 
+ m—1 + + am = 0 
be the equation of lowest degree with real coefficients satisfied by a given element 
X of the algebra (cf. §2). If X is not in the field of reals, we have m> 1. 
Then m must be even. For, if m were odd, then 
p™ + aip™* + = (ptr) t+ bi + + dni), 
0 ae + + + an = (X + r) (fens + + Dn—1 ) ’ 


whereas each factor is of degree < m and hence not zero. Let n be the number 
of units. If nm = 2, the algebra is the complex number system. Henceforth, 
let n> 2. Since algebra (4) is not commutative, not every element satisfies 
a quadratic equation. Hence three of our units may be taken to be 1, e,, 
€, = e{, where e, does not satisfy a cubic equation. Thus ¢;é: is linearly inde- 


pendent of e; and eg. Hence we may take as the fourth unit e; = ee. 
Suppose that e. + a + be; + ce. + de; = 0. In the field of reals let 


bet ca? + dx’ = (2? + er +f) (2°? + ga t+h) 
a=fh, f=eh+fqg, c=ft+tht+e, d=e+g. 
0 = e + at be, + ce, + de, = (e,+ +f) (e+ 9e,+h), 


Then 
Thus 


67 
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whereas neither factor is zero. Hence n= 5 and we may take es = e; as the 
fifth unit. 

For n = 5, the general element X satisfies an equation of degree m, where 
m is even and 2 < m=5; hence m= 4. Forn=6, we make the assumption 
that m= 4. Thus 
(10) X-X*= A+ BX + CX*+ DX. 

In particular, e,e,= A+ ---+De,. Set E,= 
Then 

Hence we may set D = 0 an 
bes + cey +d. 
Then = bf + ct + d has nou icc: root. For, if so, 
(ea. —t)lesttea+ (fF 


Lemma. If e is linearly independent of 1, e1, e2, e3, then eye is linearly inde- 
pendent of 1, €. 
For, if 106 = + + + +e then 


(ej: — a ) (e+ Yes + + wey + 


vanishes when 
z=ay-—8, w=(a—b)y—aB—y, A= (a —ab—c)y—a’B—ay—s, 


(ai 


Since a is real, the coefficient of y is not zero. 


Taking e = e;, we see that n > 5 and that the sixth unit may be chosen to be 
= 


Let the algebra have only 6 units, e¢9 = 1, e,,-+-,e5. Then 


5?) 
(12) = = Zfiei, = Lgiei, = Dhie;. 
Applying the Lemma for e = xe;-+ yes, where x and y are not both zero, we 
see that xe; + y (mse; + mse;) is not a multiple of ze, + yes. Hence 


ym, x+ ym, 
x 


+, m; + 4m, < 0. 


Thus m,< 0 and we may set my= —1/?r°. For E,= r'e,, 


E,=E}, E,=E,E,, E=E;,, E,=E,E,, E,E.= 


i<4 


we we may set m, = ) = ms < 2 in the initial formulas. 
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The characteristic determinant for Y = xo + rye; + ree is 
met afi L2G + 
b + Xs 92 I; Moe Xe hs 
Xo + refs M3 + 
refs Xot+ 71295 — + 


Yofs + Xogs + oh; 


3— B— CX — DX* = Xe, ¢; 


Then, by (10) and §4, the co-factor F; of the ith element of the first row of A 
equals Qc;, where Q = A/A. Now 
= 2,2; (1+ 2f,) + 239,, = zl, 
Thus F, has the factor x3. But 
-—af,} +23( ). 


Hence f,= 0, f, = —1, ¢,= 23(9,2,—2,). Then F, is divisible by c, if 


5 


and only if 
9s= 95+ n= 929s— Ai gst (Ae — gs — 2) + (gst 2b— G3, 
the quotient being 
Q = — — + 29,—- 95) 
Y = fo— gs — c+ (gs + 2b — 2f3) Qs, 
Z = 92 — t+ (2f2 — 93 — 2€) 95 + (9, + 2b — 2f,) 


The conditions for F'; = Qe, reduce to 1 = — 2 — (b+ 1) 2x2 and* 


Y+2x3Z, 


m=9,, h=g3-b-1, h=f,-—c—yg,, 
hs = 2f, — 92 — + + 9395 + 295 + 29,(b+ 1), 
=fi-fgst 95+ 9,(b+1), 
he = my, + gsme + bgs, = Z(b+1) — Asfi. 


Giving notations to --- , e,e,, we set 


(13) X°=TLiex,, X*=XGiex, 


* These and the earlier relations are together equivalent to those obtained by requiring that 
€2 + xe; shall satisfy an equation (10). 
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Then, by (10), 
(14) M,;= Bu, CL: t+ DG; ... 


First, set vo = 7; = 2; = 0. Eliminating B, and then C, D we have 


Lia; — Lyx; Gia; — 


Ai, = M;, Is G4 =0 (i,j =1,2,3). 
M; L; Gs 


The terms with the factor z} in As3 and Aj3 were obtained:and the resulting 
conditions on the constants derived. Also L,M; — L;M, must be divisible 
by L4G; — L;G,, the quotient being D. Finally, M@;— DG; must be divisible 
by L;, the quotient being C. Similarly, for x» = 22. = 23 = 0, the analogous 
determinants A,; and Ay; were examined; by the terms of highest degree in 21, 


we get 

34+ 3b—493, e+ 4g, — 295. 
For x, = 2, = 0, the terms in 2,232,, 2,2,2,2, of M,— DG,— CL, = 0 
yield 


Ms = Jo + 4+ 8b + 4b? — — + 
Hence, writing g = 9;, 
Q = — — gaya, + (39 — 2 — 2b) ar, — + (9g + — bg) 2,2, 
+ (29° — 29' + — — 2b — 
— 4Q = [22 + ga, + (2+ 2b — 39°) + (4—9°)(4,- gx, , 

the additional term in x} having the coefficient zero. Hence Q and therefore 
A vanishes for values of the x; not all zero, so that division is not always uniquely 
possible. 

Theorem. If division is always possible and unique in a commutative linear 
algebra with codrdinates ranging over all real numbers, the number of units is at 


least six. If there are only six units, the characteristic sextic is the equation of lowest 
degree satisfied by the general element of the algebra. 


Commutative linear algebras with six units in which every element is a root of a 
quartic equation. 


9. Consider a commutative algebra of type (11)-(12), in which every element 
satisfies a quartic equation, and m, = — 1,as before. Replacing e, by e: + k, 
we may take c= 0. To smplify the formulas and computation set b= —1, 
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g2 = 9;= m= 0. The only such algebras may be shown to be those satisfying 
(11) and 


M— Cy, Cols =J— 9, CC, = A, 


5 


(15) 


We shall prove that in a commutative algebra defined by (11) and (15), every 
element 22;e; satisfies a quartic equation. It suffices to treat the elements with 
= 0. Then, in (13), 


L, = 2dx, x, + 2mz,2, + 2fx.x, + 297,24, + 2, + ax} + 26x,2,+ 2Ex, 2, 
+ + + 


L,=0, L,=2?—2z,2,, L,= 22%, 


G, =f (£2, + + 9 L,2,) + h(L,2,+ L,x,) + dL,2, + al,z, 
+ 6(L,27,+ L,a,) + E(L,2,+ L,7;)+ BL,2, 
+ K (L,7,+ L,2,) + mL,2,+ rL,2,, 

G, = = — L321, G; = Leah, 

Gg = + — L501, G; = Low, — Lex3 — + L321, 
Me= Goaet — Gia3— M3 = Goa3t+ Giro + Gor, 
M, = Gory — + — — 

Ms = + — — + Gyan. 


We obtain Mo from Go by replacing L; by G; and adding dG, 23 + mG, 

We may now show that X satisfies a quartic equation (10) with D = 0. 
Consider the conditions (14). For i= 1, we get MW, = Bxr,, whence 
B= G,. Then fori = 3, 


+ G,x, = 22,2.C, 22,2,(L,— 2, —C) =0, C=L 


For these values of B, C, D, conditions (14), with 7 = 2, 4, 5, are seen at once 
to become identities when the G’s are expressed in terms of the L’s and L; in 
the one term Lo L; is expressed in terms of the 2’s._ Finally, there remains only 
the condition Mp = A+ Hence = xe, + --- + is a root of 


(16) = M,— Ly (Ly — 22) + GX + (Ly — 222) X?. 


L,= L,= 2x,2,— 22,25, 
2 
— 2; . 
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In particular, when d, m, --- , y are zero, we have 


Cols = — C5, = Cols = Cyl, = = CL = = C; 


In a commutative algebra of this type, 71¢: + --- + aes is a root of 
_ 
(18) X-X°+ 


but not of a cubic or quadratic equation. The general element x = X + 2 
is therefore a root of 


(19) — + (ai + 2? — + 423 + + = 0. 


Uniqueness of division in Cayley’s algebras with eight units. 


10. CayLey * gave, as a direct generalization of quaternions, a linear algebra 
with eight units in which the modulus of a product equals the product of the 
moduli of the factors, each modulus being a sum of eight squares. By changing 
the sign of the final unit we obtain one of the two algebras obtained by Cay- 
LEY { in his complete enumeration of certain types of algebras which possess 
this property of eight squares. Either of these two algebras may be obtained 
by changing the signs of e2, --- , €7 in the other. The algebra are distinguished 
by the sign of e« = + 1; that with e, = + 1 has the units 1, e,, --- , e7, where 


with fourteen equations obtained by permuting the subscripts cyclically 

Since the modulus of any element is the sum of the squares of its codrdinates, 
any element except zero has an inverse, the codrdinates being assumed real. 
Since the associative law does not hold, the existence of an inverse does not 
imply uniqueness of division. ‘To prove the latter, we note that every element 
may be expressed as a linear function of @, @;, @., with coefficients linear in é. 
For B = r+ se,, set B=r-—se,. Let also C be linear in e,. Then 


e,B=Be,, (Be,)(Ce,)=(BC)e?, —(Be,) (Ce,) = (BC) (ee,) 
(j,k =2,4,6;j+k). 


Hence if the coefficients are linear in e€;, we have 
(A+ Be.+ Des) (a+ Bes + yes + = P+ Qe.+ Re, + Sez, 
P=Aa—BB-Cy—D3, Q=As+Ba—Ci+ Dy, 
R= Ay+ Ca— DB, = 4s — By + CB+ Da. 


*Philosophical Magazine, London, (3), vol. 26, (1845), p. 210. 
+American Journal of Mathematics, vol. 4 (1881), pp. 293-296. 
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By multiplication and addition we derive 


oB = 
oC = oD = 
se = AP+ BQ+CR+ DS, s8 = —BP+ AQ—DR+CS, 
sy = —CP+DQ+ AR-BS, ss = — DP—CQ+ BR+ AS, 
77+ 55, s= AA+ BB+CC+ DD. 


Hence if G and H are any given elements, G + 0, there is an unique solution 
X or Y of XG=H orGY =H. Right and left hand division except by zero 
is always possible and unique in these Cayley algebras. 
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A NOTE CONCERNING VEBLEN’S AXIOMS FOR GEOMETRY” 
ROBERT L. MOORE 


VEBLEN has given a set of axioms for geometry.t The first eight of these are 
as follows: f 

Axiom I. There exist at least two distinct points. 

Axiom II. If points A, B, C are in the order ABC, they are in the order 
CBA. 

Axiom III. If points A, B, C are in the order ABC, they are not in the 
order BCA. 

Axiom IV. If points A, B, C are in the order ABC, then A is distinct from C. 

Axiom V. If A and B are any two distinct points, there exists a point C 
such that A, B, C are in the order ABC. 

Der. I. The line AB (A +B) consists of A and B and all points X in 
one of the possible orders ABX, AXB, XAB. The points X in the order 
AXB constitute the segment AB. A and B are the end-points of the segment. 

Axiom VI. If points C and D (C + D) lie on the line AB, then A lies on 
the line CD. 

Axiom VII. If there exist three distinct points, there exist three distinct 
points 4, B, C not in any of the orders ABC, BCA, or CAB. 

Axiom VIII. If three distinct points A, B and C do not lie on the same line, 
and D and E are two points in the orders BCD and CEA, then a point F exists 
in the order AFB and such that D, EF, F lie on the same line. 

Axiom II may be divided into two parts which I will call Axiom II, and 
Axiom IIs. 

Axiom II,. If A, B, C are three distinct points in the order ABC, they are 
in the order CBA. 

Axiom II. If the points A, B, C are not all distinct, then, if they are in the 
order ABC, they are in the order CBA. 

Though Veblen’s Axioms I-XII, as they stand, are mutually independent, 


* Presented to the Society, in a somewhat different form, October 26, 1907. 

+ These Transactions, vol. 5 (1904), pp. 343-384. 

t Except that I have taken the liberty of inserting the word “distinct” between the words 
“three” and ‘‘points” in the statement of Axiom VII, Without this slight modification 
(or a corresponding understanding) Axioms I—XII are not sufficient for Euclidean geometry. 
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I wish to show, in the present paper, that Axiom II, (a part of Axiom II) is a 
consequence of Axioms III and VI and Def. I while Axiom I], (the remainder 
of Axiom II) and Axiom IV are* both consequences of Axioms I, IIT, V’, VI, 
VII, VIII and Def. I, where Axiom V’ is the following modification of Axiom V. 
Axiom V’. If A and B are any two distinct points, there exists a point (, 
different from A and from B, such that A, B, C are in the order ABC. 


THEOREM I. Axiom I]; is a consequence of Axioms III and VI and Def. I. 

Proof. By hypothesis, ABC.7 Hence, by Def. I, C and B are on AB. 
Therefore, by Axiom VI, A is on CB. Hence, by Def. I, ACB, CAB or CBA. 
The second of these alternatives is ruled out by Axiom III and the hypothesis 
ABC. Of the two remaining alternatives, if ACB were true then, by Def. I, 
A and B would lie on the line CB and therefore, by Axiom VI, C would be on the 
line BA; and thus, by Def. I, it would be true that either CBA, BCA or BAC. 
But BCA is ruled out by ABC and Axiom III, while BAC is ruled out by ACB 
and Axiom III. Hence it must be true that CBA. 

Lemma I. From Axiom VI and Def. I it follows that if the points C, D, E 
are on the line AB and C + D, then E is on the line CD. 

Proof. If C + E then, by hypothesis and Axiom VI, A is on CE and, by 
Def. I, E ison CE. Hence, by Axiom VI, if A + E, then C is on EA. Sim- 
ilarly if A + Eand D+ EthenDisonEA. Henceif A+ FL,C+E,D+E, 
then, by Axiom VI, E ison CD. If E = C or E = D then, by Def. I, EZ is on 
CD. If E = A then, by Axiom VI, £ is on CD. 

Lemma II. From Axiom III, VI, Def. I and Axiom VII it follows that if 
A and B are two distinct points, then there exists a point C such that 4, B, C 
are not on the same line. 

Proof. If there exists no such point C then, by Lemma I, every point C is 
on the line AB. Hence, by another application of Lemma I, if D, E, F are 
any three distinct points, then F is on DE and also on ED — which is contrary 
to Theorem I, Axiom VII and Def. I. 


TueoreEM II. From Axiom I, III, V’, VI, VII, VIII and Def. I it follows 
that, whatever points A and B may be, the order ABB is impossible, the order AAB 


is impossible and the order ABA is impossible. 

Proof. If B = A then ABB is impossible by Axiom III. 

If B + A, then by Lemma II there exists a point C such that 4, B and C 
are not on the same line. By Axiom V’ there-exists a point D, different from 
B, such that BCD. By Def. I, C is onthe line BD. If A, B and D were col- 


* Here Axiom II, is to be proved by showing that its hypothesis cannot be satisfied in the 
presence of Axioms I, III, V’, VI, VII, VIII and Def. I. 
+ “ABC,” understood as a sentence, means that A, B,C are in the order ABC. 


76 R. L. MOORE: VEBLEN’S AXIOMS FOR GEOMETRY 


linear then, by Lemma I, A also would be on the line BD and then, by Axiom VI, 
B would be on the line CA — which would be contrary to hypothesis. Hence 
A, Band D are not collinear. Suppose now that ABB. Then, by Axiom VIII, 
there would exist a point F such that DEA and such that E, C, B lie on the 
same line (which, by Lemma I, must be the line BC). But, since A, B and D 
are not collinear, therefore, by Lemma I, D is the only point common to 
the lines AD and BC. Hence FE must be D, and therefore DDA. Now, by 
Axiom V’, there exists a point F’, distinct from D and from B, such that BDF. 
By Theorem I, FDB. Moreover, since F lies on BD and is different from B 
and from D, and A, B and D are non-collinear, therefore, by Lemma I, A, D, 
F are not on the same line. Hence, by Axiom VIII, since FDB and DDA, there 
exists a point K such that AKF and such that B, D and K are on the same line. 
It may easily be seen that K is F. Hence AFF. Now A, F and B are non- 
collinear and furthermore AFF and FDB. Hence, by Axiom VIII, there exists 
a point 7 such that BTA and such that F, D and T lie on the same line. Clearly 
T must be B. Hence BBA. Thusif ABB, then BBA — which is an impossible 
combination according to Axiom III. Hence ABB is impossible. 

Suppose secondly that A + Band AAB. Then by hypothesis, Lemma II, 
Def. I and Axiom V’ there exists a point C such that A, B, C are not on the same 
line and a point D different from A and from C such that CAD. By Axiom 
VIII there exists a point H such that BHC and such that D, A and H are on the 
same line. Then clearly H is C and thus BCC. But this has been shown to be 
impossible. Thus AAB is impossible. 

Similarly it may be shown that if A + B and ABA then there exists a point 
D such that DAA. Thus ABA is impossible. 


TuHeoreM III. Axioms II and IV are consequences of Axioms I, III, V’, 
VI, VII, VIII and Def. I. 

Theorem III is a corollary of Theorems I and II. 

In the demonstration of Theorem II advantage was taken of what might 
perhaps be called a sort of transitivity or cyclical arrangement among the orders 
BCD , CEA, AFB of Axiom VIII. If, in this axiom, “ AFB” should be replaced 
by “ BFA,” no other change being made in Axioms I-XII, then, for the set of 
axioms, thus slightly modified, Theorem II would no longer hold. To see this 
consider the independence example in which points and order are those of ordin- 
ary Euclidean geometry except that, in addition to the ordinary ordering, 
points A, B, C are in the order ABC whenever A + B and B = C. 
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NATURAL FAMILIES OF CURVES IN A GENERAL CURVED 
SPACE OF A-DIMENSIONS* 


BY 
JOSEPH LIPKE 
Introduction. 


In a recent paper} Professor KasNER gave a complete geometric char- 
acterization of the families of curves (termed natural families) defined as the 
extremals connected with variation problems of the form 


(1) J Fas = minimum, 


where F is any point function and ds is the element of arc in the space considered. 
Kasner considered a euclidean space of any dimensionality (the results admit of 
direct extension to all spaces of constant curvature), though, for simplicity, he 
wrote out the results for three dimensions only. 

It is the purpose of the present paper to obtain the complete geometric char- 
acterization of such natural families of curves in a general curved space (space 
of variable curvature in the Riemannian sense ){ of any dimensionality. Such 
a space need not necessarily be contained in a euclidean space of one higher 
dimension, but represents a variety in a space of some higher dimensionality. 
The results obtained contain all former results as special cases. 

The importance (in one direction) of the problem is sufficiently pointed 
out by Darboux,§ who devotes a chapter, entitled “Le probléme général de 
la dynamique” to a discussion of the general aspects of the problem of least 
action, pointing out its physical significance and making some geometric de- 
ductions therefrom. We quote the general statement of the problem: 

* The two-dimensional results of this paper were presented to the Society at the Princeton 
meeting, September 13, 1909; the general results, at the New York meeting, December 29, 
1910. 

{ Kasner, Natural families of trajectories: conservative fields of force, these Trans- 
actions, vol. 10 (1909), pp. 201-219. 

t Riemann, Ueber die Hypothesen welche der Geometrie zu Grunde liegen. 

§ Darspoux, Lecons sur la théorie générale des surfaces, vol. 2, p. 480. For a discussion of 
the Principle of Least Action, see also: THomMson AND Talrt, treatise on natural philosophy, 
1903, vol. 1, §327; P. AppeLi, Traité de mécanique rationelle, vol. 1, p. 530. 
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“Etant données deux positions (P,) et (P:) du systéme mobile, imaginons 
tous les déplacements continus qui aménent le systéme de la premiére position 
i la seconde, les vitesses satisfaisant 4 chaque instant a |’équation des forces 


vives 


2T = =2(U+h). 
tk 


Si l’on considére lintégrale 


mv? dt = V2U+ 2h) dqi 
(Py) e/( ik 


relative 4 chacun de ces déplacements, elle sera moindre pour le mouvement 
naturel que pour tous les autres déplacements.”’ 

Here, U is the work function (negative potential) and h is the constant of 
energy. The totality of motions for all initial conditions gives 20°"~' trajectories; 
trajectories, and such a family 


2(n—1) 


for each value of h, we get a family of 0 
is evidently a natural family. The complete system of 2%°"—' trajectories in a con- 
servative field of force is thus composed of 2%' natural families. 

Several other important geometric and physical investigations lead to varia- 
tion problems of type (1). Kasner points out among these: 1) the brachisto- 
chrone problem in the case of conservative forces; 2) the determination of the 
forms of equilibrium of a homogeneous flexible inextensible string acted upon by 
conservative forces; 3) the paths of light in an isotropic medium in which the 
index of refraction varies from point to point; 4) the conformal representation of 
the geodesics of any space upon some variety in higher space; thus the determi- 
nation of the geodesics in a space, V , where 


ds? = hax dx; dr, 
ik 


leads to a minimizing of 


1 hax dx; dx, = fv LV > ax dx; 
ik e ik 


Hence the representing curves in the space, V’’ , where 
ds? = ax, dx; 
ik 


form a natural family. 

The results obtained ($§ 1-4) for the complete geometric characterization of 
natural families of curves in any curved space, V,, are as follows. (A) The 
curves which pass through 


n—l 


locus of the centers of geodesic curvature of the 9 
any point of V, is a euclidean space of nm — 1 dimensions (S,1). (B) The 
osculating geodesic surfaces ( V2’s) at any point of V,, form a bundle of surfaces, 
i. e. all contain a fixed direction (and hence the geodesic in that direction), 
which is normal to the S,; of property A. (C) The n directions at any point 
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of J’,, in which, as a consequence of properties .1 and B, the osculating geodesic 
circles (curves of constant geodesic curvature) hyperosculate the curves of the 
natural family, are mutually orthogonal. 

The three properties A, B, and C are shown to be necessary and sufficient 
for the complete characterization. We thus answer the question: Given a 
family of 2°” curves in a general curved space of n-dimensions, when will they 
be the extremals of a variation problem of type (1)? 

Of course, properties A and B alone define a much larger class of families of 
curves than the natural families. This wider class, in the case n = 2 ($5) also 
includes the system of 0? isogonal trajectories of a given set of ' curves as a 
special type. It is shown that there exists a geodesic curvature transformation 
which interchanges the two types — isogonal trajectories and natural families. 

We might state here, as is evident from the form of (1), that the only point 
transformations which convert every natural family into a natural family are the 
transformations of the conformal group. For, if an integral of the type (1) is to 
be converted into one of the same form, the transformation must convert the 
expression Fds into one of the same form, say F\ds; hence ds must be transformed 
into a multiple of itself — which property is characteristic oi conformal trans- 
formations. 


§1. The equations of the natural family. 
In a general curved space, J’, the element of arc length is given by 


ds? = ay. dx; .* 
ik 


Consider the coérdinates of a moving point of any extremal expressed as 
functions of the arc length s, measured from a fixed point of the curve; we thus 
have 


(2) = 1.4 
ik 
Hence (1) takes the form 


(1’) Fv dx; dx, = minimum. 
) ik 


ws 


The extremals connected with an integral of this type are found to be — 
applying the ordinary method of variation — 


d 8( Fan), 
3 Fa,,z; = 
* We write only }° and understand that the summation is to be carried out from 1 ton 
ik 
for each of the indicated subscripts, unless otherwise specified. 
t Throughout the paper, primes refer to total derivatives with respect to s . 


| 
4 


f 

| 

| 
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and on expanding this, we have 


— 


We find it most convenient to introduce the Christoffel three-indices symbols of 
the first and second kind, * defined by 


hu | ( Ody, AA, ) 
| l |- 2\ ax, dx, oa, 


where A,; designates the minor of a,, in the determinant a = | a,, | divided by 
a itself. 
Making use of the relations (2) and (4), we may now write (3’) as 


OX; 


an (l=1,2,...,n). 


Solving these equations for x; , we get finally 


(6) rit 4 | = 
Au | | OL) 

where 


(6’) 


Conversely, we may easily verify that along the curves (6), the arc length s is 
the parameter, i. e. 


(2) 1. 
ik 


These n equations (6) taken together with (2) are the differential equations 
of the extremals connected with an integral of type (1’). Thus, any natural 
family of curves in V, ts represented by differential equations of the form (6), where 
L is an arbitrary point function. 

From these equations it is evident that, given a point 2x‘ of V, and a direction 
£7 through this point, one and only one curve of a given natural family of curves 
is determined. There are thus %”~' curves passing through a point and a 
totality of 27"-" curves composing the family. 


* Brancui, Geometria differenziale, vol. 1, chap. II. 
+ Throughout, we shall use the symbol zx, standing alone, for the set 1,22, ..., %n; and 
similarly to represent the set &, &, ..., &n. 


= L = log F. 
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Centers of geodesic curvature; osculating geodesic surfaces.—Properties 


A and B. 


We shall first consider the radius of geodesic curvature* for any curve of the 
natural family. Combining the expression 


p ik Au u 
with the equations (6) of the natural family, we have 
1 


aL aL 
Deal 
ik 


im 


Now from the properties of the determinant | aj. |, we have 


By using relations similar to (9) and also applying (2), (8) is easily reduced 
(after corresponding changes of subscripts) to 


1 aL aL 
(10) p> ( |. 


curves of the family which pass through a given 
point, Mo, of the space. Then since dL / dx; and A,; are functions of the codrdi- 
nates of the point only, they may be regarded as constants here, and (10) ex- 
presses the law of variation of the geodesic curvature with respect to the di- 
rection, x;, of the curve through the given point. 

If in (10) we introduce the direction constants of the principal geodesic 
normal 


Let us now consider the 2 


(11) ol aie, |= | 2124) |, 


we get the law of the variation of the curvature expressed more simply by the 
characteristic relation 

1 aL 
(12) =) &- 

p ON; 

* The geodesic curvature, 1/p, at a point Mo of a curve, c, in a curved n-space, is defined 
as follows. Draw the geodesic, g, (lying in the space) passing through the point in the same 
direction as the curve. Lay off on c and g equal infinitesimal are lengths, MoM; and MoM, 
respectively, then 1/p=limit 2M@iM2/(MoM,)?. The limiting position of the direction MM, 
defines the direction of the principal geodesic normal at the point Mo. It is important to 
note that this definition coincides with that of the ordinary curvature of a curve lying in a 
euclidean space. Cf. Brancui, ibid., p. 363. 

7 Brancnt, ibid., p. 364. 

t Brancut, ibid., p. 364. 
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We may interpret (12) as follows: If we draw all the 2”~" geodesics through 
a given point, My, and measuring from My we lay off on each of these a distance 
p determined by (12), (where & is the direction of the geodesic) we shall de- 


n—l 


termine a system of %"~' points contained in a V,_,, which are the centers of 
the 0”~' geodesic circles — circles of constant geodesic radial distance — cor- 
responding to the ”~' curves of the natural family. 

But we may get a much more fruitful interpretation of (12) as follows. Con- 
sider the euclidean space, S,, tangent to our curved space, V,, at the point 
My. Draw, in the S,,, the tangent (straight) line to the geodesic of V,, passing 
out in the direction of the principal geodesic normal, £, and lay off on this tan- 
gent the radius of geodesic curvature determined by (12) (measuring from Mo). 
The extremity, P,, will be the center of geodesic curvature of the corresponding 
curve of the natural family. Query: what is the locus of all such points, P, 
in S, for all curves of a natural family passing through My? To answer this 
query we proceed as follows. We can easily build up a parameter system in 
V,, such that the parameter curves at the particular point, My, in question, 
shall be mutually orthogonal. Hence az = 0 (7 #1), Au = 0 (¢ +1) for the 
point Wy. In S,, take Mo as the origin of coérdinates and the tangent lines 
to the orthogonal parameter curves through Mo, as the rectangular system of 
coérdinate axes. If w; is the angle between the principal geodesic normal, 
é, and the parameter curve u;, then the rectangular coérdinates of P are 


(13) Yi = pcos a; = pV asi, 


and introducing these coérdinates in (12), we have 


(14) 


This, being a linear relation in the rectangular coérdinates, y;, evidently picks 
out a euclidean space of n — 1 dimensions (S,_; ) in our tangent euclidean space 
of n dimensions (S,). With every point of our V,, there is thus associated a 
euclidean S,_,, which is the locus of the centers of geodesic curvature of the 
oo”"~' curves of a natural family of V,, passing through this point. We thus have 

TuHeorEeM 1. Property A. The locus of the centers of geodesic curvature 


of the curves of a natural family passing through a given point is a euclidean 
space of (n — 1) dimensions. 
From (14) we see that, in the S,, the direction 


aL 
az,/ % 


is normal to the S Disregarding our special orthogonal system of parameter 


n—1°* 


82 
aL 
ON; 
y,= 1. 
Aji 
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curves built up at Mo, this direction is, in general, given by 


V ai (= 


Or, 


, and by the direction constants 


9 L 
(15) 


referred to the coérdinate system in S 


n 


referred to a general system of parameter curves in J’,. 

In case our natural family represents a system of trajectories under conserv- 
ative forces, this normal direction gives the direction of the force vector at the 
point. For, since the condition of orthogonality of the direction (15) and any 
arbitrary direction dx;, viz., 


(16) (= ) dx, = > dx,=0, 

ik 7 ON, On; 
is fulfilled for the equipotential hypersurface L = constant, the force vector is 
evidently given by (15). 

THEOREM 2. In the system of trajectories under conservative forces, the euclidean 
S,_, of theorem 1, associated with each point of V,, is normal to the force vector 
through the point. 

For any natural family, the direction (15) has another very important re- 
lation. Consider the pencil of (21) directions through Mo, 


(a, 8, parameters ) 


determined by the tangent direction and that of the principal geodesic normal 
to any curve of the system. The pencil of (:%') geodesics passing out in this 
pencil of directions form a two-dimensional spread, which is called the os- 
culating geodesic surface to the chosen curve at Wy. Introducing in (17) the 
values of &;/ p given by (11), we have 


(18) ax (Ay — 2,;2,) = 2; (« )+ Ay, 
Ox, Of, 7 Ox, 
and if we choose 
a 
(19) 


which is the same for all values of the subscript, 7, we have 


(20) BD 


j 
{ 
| 
4 
it 
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this direction is independent of the direction in which we pass out from the 
point Mo and hence is contained in all the osculating geodesic surfaces at the 
point; this direction coincides with the direction given by (15), normal to the 
S,_, of Theorem 1. Hence 

TuxoreM 3. Property B. The osculating geodesic surfaces to the 2" 
curves of a natural family passing through a common point of V,, form a bundle of 
surfaces, i. e. they all contain a fixed direction (and hence the geodesic in that di- 
rection), which ts normal to the euclidean S,_, defined by property A. 

It is interesting to combine properties A and B into a single theorem. For 
this purpose, consider again the tangent space S, at Mo. Project the curves 
of a natural family in V,, which pass through Mo, orthogonally upon S,. The 
geodesic curvature, center of geodesic curvature and osculating geodesic sur- 
faces of the curves of V, through Mo coincide with the curvature, center of 
curvature and osculating planes of their projections in S, through My. And 
the properties of these projections may now be stated as 

TueoreM 4. If the curves of a natural family, which pass through a common 
point of V,, are projected orthogonally upon the tangent euclidean space S,, at that 
point, the 2" osculating circles of the projections will form an (n—1) fold bundle, 
1. €., they will all have a second point in common. 


§ 3. Converses of properties A and B. 

We have now shown that all natural families in a general curved space of n 
dimensions possess properties A and B. If we are to discover whether these 
properties are characteristic of natural families, we shall have to attack the 
converse problem, viz: Are all families of 2*"-? curves in a V_, which possess 
properties A and B, natural families ? 

To answer this query, we may start by assuming the differential equations 
of any such system of curves in V’, to be of the form 


Property A says that the locus of centers of geodesic curvature of the 2” 


curves passing through a point Mp is a euclidean S,_,. This, as we have seen, 
is characterized by an equation of the form (14), and for a general parameter 
system may be written, 


where ¢1, are n arbitrary point functions. Here, the y; are the or- 
thogonal projections of the center of geodesic curvature on the tangent lines 
to the parameter curves through Mp as origin, and hence are given by 


‘ p 
23) = p COS wi = Aik 
Qi * 
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Introducing these and the general values of p and &; given by (7) and (11), 
we get 


Property B says that the osculating geodesic surfaces at a point Mp all 
pass through the normal to the S,_; of property A, i. e. 


(24) BY E +2 | 
Am 
From the n equations (24), we have 
(25) +> ; = (t=1,2,---,n). 
Au l 


Introducing these in (22’), we have 


a, 

Expanding and bringing in the general relation (2) and (9), we reduce this easily 
to 

(27) = 0 

aé —_ = 

Disregarding the trivial solution a/8 = 0, which causes the pencil of directions 
determining the osculating geodesic surfaces to degenerate to a single direc- 
tion, we have finally 


a 
and introducing this value in the equations (25), we have 
Au 


together with equation (2) as the differential equations of the family of curves 
in V, possessing properties A and B. 

THeoreM 5. The differential equations of the most general system of curves 
in V,, having properties A and B are given by equations (29), where o,, ¢2, °+* on 
are arbitrary point functions. The converse is valid also. 


| 

iz E + | 4 E + | | 
(22’) Au Au | 

5 
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Equations (29) are seen to include equations 


, , . 
Au 


as a special case. Thus (29) will represent a natural family, when and only 
when the n arbitrary functions, ¢;, are the partial derivatives with respect to x; 
of a single function, L, i. e. when the ¢; satisfy the system of equations 
9g: 
(30) —— 

On; Or} 

Properties A and B, therefore, do not characterize natural families; we must 
therefore seek additional properties. We shall refer to the systems defined by 
equations (29) as systems of type (G), and those defined by equations (6) as 
systems of type (.V). 


$4. Hyperosculating geodesic circles. — Property C. 
Let us find the conditions that the osculating geodesic surface at a point 
Mo shall hyperosculate, i. e. have four-point contact with the curve. 
Consider the pencil of directions 


(31) = + pe” (i=1,2,--+,n) 


(which determine a two-dimensonal spread in V,,) determined by the fixed 
directions ¢*’ and £* through the point WM), which we shall take as origin of coér- 
dinates. The %' geodesics which pass through Mo, out along this pencil of direc- 
tions, determine a geodesic surface ¢. We may express the coérdinates x 
of a moving point on any one of these geodesics in any direction, say &, by 
means of an expansion in powers of the length of arc, s, measured from the 
point thus: 


(32) 2, = +27 = 


Along a geodesic, we have * 


putting in the value of £;, from (31), and further choosing upon the surface oc, 
the variable coérdinates 
Uy = Sa, U2 = 8B, 


* Branca, ibid., p. 334. 
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we may finally replace (32) by 
‘ ] hu | 
(54) 


We are now ready to develop the conditions for contact of different orders 
between our geodesic surface ¢ and any curve whatever passing through Mo in 
any direction 2’ 

We shall employ the conditions for contact between a surface and a curve 
developed by Picard for a euclidean S;, which can easily be shown to be 
extensible to a surface and a curve in any curved space.* 

Applying these to our surface ¢ and curve in direction x, we obtain for contact 
of the first order, the conditions 


(35) + — = 0 (21,2, 


This is evidently satisfied if &'’ = x;, i. e. if ¢ contains the tangent direction to 
the curve. From (35) we also have 


(36) A, = ar D= 
Su Su Su Su 


For contact of the second order (osculation), we get in addition to (35) the 
conditions 
(37) — 5] + mE) MED + mE?) 527 =0 
2 


and introducing here the values of \,, «4: from (36), we have 


*Picarp, Traité d’analyse, aa 1, chap. XII. Extending the conditions as given on p. 


338, to any curve = fi(t) = 1,2,..., m) and any surface z; = Fi(u,v)(¢ =1,2,...,n), 
we have at any common point 2» $¢ = tg, u = Uo, V = Xo, for contact of the 
OF; ,_ oF; , 
Ist order: =O ((=1,2,:---,n) 
Cu 
2d order, also: +5(%; +m = (t) = 1,2,---n) 
Clg Ovo Clo 
1 é \3,, 1 
6 Cuo 6 


where 1, #1; \2, #2; As, Ms are arbitrary parameters. 


| 
| 
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This is evidently satisfied if 
Au 


i. e. if ¢ contains the principal geodesic normal to the curve. 

Our surface ¢ , represented by (34), will therefore have contact of the second 
order, i. e. will be the osculating geodesic surface to the curve, provided it con- 
tains the directions of the tangent line and the principal geodesic normal to the 
curve. We may therefore find the equation of the osculating geodesic surface 
by replacing in (34) the directions £'? and &° by these latter directions. 

For contact of the third order (hyperosculation), we must have, in addition 
to (35) and (37), the conditions 


1 


~Au 


4 


where i = 1,2, ---,m; and introducing the values of \,, uw from (36) and values 
for \2, “2 gotten similarly from (37’), we reduce (39) to 


D 


Finally combining (35), (37’) and (39’), we have, as the conditions that the 
geodesic surface o should have contact of the third order with the curve, in 
other words, that the osculating geodesic surface to the curve should hyper- 


osculate, 
2,2, ) 


| 
J 


(40) 


Applying (40) to the system (G) defined by 


Au 


i 
| 
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and introducing B; as an abbreviation for the right member of (29), we obtain 
Au | 
6 


If from these n equations we eliminate the parameters A;, us; and introduce 
the values of B;, B,, we get, after considerable reduction, 


4 


We may then state that the (n — 2) equations, (42), are the conditions that 
the osculating geodesic surface at a point Mo of any curve of the type (G) should 
hyperosculate that curve. 

These (n — 2) equations evidently do not pick out a finite number of directions 
through Mo in which the hyperosculation property holds. Studying equations 
(42) we may simplify their form by choosing the 2, parameter curve, at Mo, 


in the fixed direction 2X $A; ({=1,2,---mn); then > ¢,A,,= 0 (1 +1), and 
(42) becomes 
fall, 
( > > 9 ( (>) > {tt >» 
= a, 4.5. 


(43) 


We note here that the term containing 2, in the denominator is missing to com- 
plete the symmetry, and it will be our next effort to supply such a term. 

Consider a point My of a curve (c), of the general type (@), and draw in 
its osculating geodesic surface, ¢ , at that point, the geodesic circle, y, (curve of 
constant geodesic curvature ) which osculates the curve c. We should note that 
at a point of c, and lying in a, there can be drawn one and only one such curve 
y. We shall term y the osculating geodesic circle of c at My. Immediately the 
question arises: when will y hyperosculate c? Evidently we need merely add 
to the conditions (43), that « should hyperosculate c, the following necessary 
and sufficient condition 


(44) = (0. 


For the curve of type (@) we have 


(45) =) 2; 2;)). 
i i 


i 
' 
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Applying (44) to this, and using (29) and the above choice of the x; parameter 
curve, we get after some reduction, 


(> ¢,A,,) + $;¢,A;,— 2 [> 2, + ¢,A,,) 
Z il i 7 l 
(46) 


>| | =0. 
Au 


We may now state: the necessary and sufficient conditions that the osculating 
geodesic circle at a point of a curve of type (G) should there hyperosculate the curve 
are that equations (43) and (46) be satisfied. 

For a simplification of (46) we are driven to choose our parameter system in 
a more special form without thereby losing in generality. We shall choose a 
system of geodesic parameters.* Then the element of arc length takes the 
form 


(47) ds? = dx? + ay. dx; 
i,k 


and as we may still choose that particular parameter curve, x,, which passes 
through the particular point .Wo under consideration, in the fixed direction 
An (i= 1,2, n) at Mo, then by virtue of (47), we have 

i 


(47’) = 0 (i+1). 


Under these hypotheses, (43) and (46) respectively reduce to 


rl Al P P 
(43’) _! =(' 


(k =3,4,5,...,n). 
(where C is used merely as an abbreviation), and 


, , 9 9 12 , , 
7 


Au 


Solving (43’) for ¢, and substituting in (46’) we find after considerable but 
simple reductions, and after casting out the trivial solution 1 — 2, = 0, 


(46”) 
1 


We finally have, combining (43’) and (46”), 


* Let the x; parameter curves be geodesics; further let the parameter x; represent the length 
of curve measured from the corresponding intersection with a definite orthogonal parameter 
hypersurface of the system xz; = constant, e. g. zx; = 0, so that the other hypersurfaces of the 
system are the loci of extremities of equal arcs. Bu1aNncui, ibid., pp. 336-337. 


| 
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(48) =C (=2,3,...,2 


as the conditions that the osculating geodesic circle at a point of a curve of type 
(G@) should there hyperosculate the curve. 
We may write (48) in the more symmetric and abbreviated form 


(48’) DA, m = Cn, + 0, (k=1,2,...,”), 
where 
Al 
(49) [A,k] = | | + An 
| k 1 

and under our special choice of the parameter system, 

(50) = O(K 1); = 

ON} 


The n equations (48’) give us in general n distinct values for C, say 


¥( (B) 


and introducing these in (48’) again, we have n linear equations in »;, which 
taken with 
(2) > ais | 

ik 


give us, in general, n sets of values of n;, say 

Equations (48’) thus determine in general n distinct directions through the 
point in which the corresponding osculating geodesic circles hyperosculate. 
We thus have 

THEOREM 6. There are, in general, n distinct directions through a point of Vp, 
in which the osculating geodesic circles hyperosculate the curves of a system of type 
(G) passing out in these directions. 

This property is evidently a consequence of properties A and B. If we now 
pass from the curves of type (G@) to the special type (VV), we must introduce 
here the relations 


(30) OX; 


9g: 

P= 22, 
The question arises: What effect do the relations (30) have upon the n directions 
of theorem 6? 'To answer this, let us write down the conditions that these n 
directions should be mutually orthogonal. Let C’ and C’*’ be any two distinct 
values of C,, and let 7” and 7°’ be any two corresponding directions, i. e. sets of 


m 


are 


| 

| 

| 
i 
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values of 7. The condition of orthogonality for these two directions is given by 
(51) Ain = 0 
um 
where we should remember that under our choice of geodesic parameters 
(51’) a,=0O (l+#1) and a, =1. 
Now from (48’) we have 
A 
(52) B B 8 
(B) (B) 2 


Multiplying the first by a;,7\°’ and summing with respect to 7 and v, and the 
second by a,,,7” and summing with respect to m and \, we obtain 


iv iy 


(B) (a) “B) ( 2 (a). 


maAv ma mr 


and since ¢, = 0 (« + 1) anda,, = 0 (1 + 1), ay = 1, the second terms in the 
left members of these equations each reduce to ¢{ n° 7\?’. Hence, subtracting 
the two equations, we have 


(54) [C® — C®] =O — Damly, m]) 


vA m 


Using the value of [\, 7] defined by (49), we can easily show that 


0¢, | _ 0g Od, 
(55) i]= az, 2% az, dmaly, m] = az, 2% 
and hence (54) takes the form 
“B) a), (B) (a) (B) 

Ox, 


Now as C® and C® are distinct values of C,, it is evident that for the mutual 
orthogonality of our n directions through a point, we have the necessary and 
sufficient conditions 


Ig, Ig) 

6 == 

(56) @2,” 

where \, v range over the values from 1 to n. But these relations (56) are 
exactly our conditions (30) which transform the general type (G) into the 
special type (VN). We thus have 


ba 
iv 
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THEOREM 7. Property C. For any natural family of curves in V,, the n 
directions at each point in which the osculating geodesic circles hyperosculate the (4 
curves passing out in these directions are mutually orthogonal. if 


Properties A, B and C are thus the characteristic properties of any natural 
l 


family in any curved space of n dimensions. In order, then, that any 2*"~' i 
curves in such a space should be the extremals connected with a variation problem is 
of type 
(1) Fads = minimum, 


they must possess these three properties. Our problem is therefore solved. 


$5. Two-dimensional results. — Isogonal trajectories. 
The case n = 2 (an ordinary surface) is of special interest. In this case, if 
we choose our element of arc length in the isothermal form 


(57 ds? = (u, v) (du? + do’), 
we may write (1) in the form yy 
(1”) fF u,v)VA(1+ 0") du = minimum.* 


The equation of the general type (G) becomes 


(58) = gv’) (1+0”), 


. 


where ¢, ¥ are any two arbitrary functions of wu and v. The equation of a 
natural family (1) is 


(59) = (L,—L,v’)(1+ 
where 
(59’) L= log (FV); 


and corresponds to the restriction 


In this case, property B falls away, as the osculating geodesic surfaces at a 
point all coincide with the surface itself. We may thus state the result: 
THEOREM 8. Any family of 27 curves on a surface will be a natural family, 


when and only when the 2' curves (one in each direction) passing through a point ; 
have the properties: (1) the locus of the centers of geodesic curvature is a straight : 
line (or, the circles of curvature of the orthogonal projections, in the tangent plane, of i 
the curves through a point have a second point in common); (2) the two directions in | 
which the osculating geodesic circles hyperosculate the corresponding curves in those 


directions are orthogonal. 


* Throughout this section, primes refer to total derivatives with respect to u, and subscripts 
to partial derivatives with respect to the indicated letter. 


| 
| 
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The first of these properties is characteristic of the general type (@) defined 
by (58). 

There is another special case of (58) which is of noteworthy interest here; viz., 
the system of 0? isogonal trajectories of a given set of 2' curves on a surface. 
Let the given set be defined by the equation 


(60) v=alu,r). 


The equation of the isogonal trajectories is then easily found to be 


(61) = (M,+ (14+ 0”) 
where 
(61) M = tana. 


This is evidently a special type of (58) corresponding to the restriction 
(62) vi +¢, = 0. 
We shall call this type, the type (J). 

TuHEeorEM 9. For the system of isogonal trajectories on a surface, the locus of 
the centers of geodesic curvature of the curves passing through a point is a straight 
line. 

To get a complete characterization, we shall show how the two types (NV) 
and (J) may be interchanged. Consider the transformation 


Applying this to the general type (58), we find that the new differential equation 
is of the same form, with 
Vi=—¢. 
Hence if the original family is isogonal, the new family is natural and vice versa. 
We thus have 
THEOREM 10. The isogonal type 


o” = (2,4+9,0°)(1+ 0"), 


which consists of all the isogonals of the simple system 


v = tang, 
is converted by the transformation (1) into the natural type 
= (2, — 2,0’) (14+ 2”). 


Thus with each system of the isogonal type there is associated by (I) a definite 
family of the natural type, and vice versa; and properties of one give indirectly 
properties of the other, thus the associated system of a system of type (J) will 
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possess the property that through any point there are two directions in which 
the osculating geodesic circles hyperosculate. 

The transformation (I) is not a contact transformation. It defines the 
operation by means of which any geodesic curvature element (u,v, v’, v’’) is 
transformed into another geodesic curvature element (u,v, — 1/e’, — ve"), 
by rotating it about its own point (u,v) through a right angle—but the geodesic 
curvature is not preserved.* In the expression for geodesic curvature, it replaces 
\, by A, and A, by — A,. 

The transformation (I) converts each geodesic curvature element into its 
opposite (u,v, v’, — v’’) and thus leaves each of the types invariant. 

If we restrict the arbitrary functions Y and ¢ to both conditions 


¥y,—¢,=90, ¥,+¢,=0 


our system evidently consists of the isogonals of an isothermal system. Thus 
we have 

THEOREM 11. The isogonals of an isothermal system form a natural family. 
The transformation (T) converts such a system into one of the same sort. 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, Boston, Mass. 

* Compare this with the transformation in the plane, obtained by Kasnenr, ibid., p. 218. 


7 These are the conditions that ¢ = const. and ¥ = const. should form an isothermal sys- 
tem on the surface. Cf. Brancut, ibid., p. 98. 


A CLASS OF PERIODIC ORBITS OF SUPERIOR PLANETS* 


BY 


F. R. MOULTON 


1. Introduction. 


The periodic solutions of the problem of three bodies fall into many classes 
requiring somewhat different modes of treatment. One of these classes f is 
that in which a small, or infinitesimal, body moves near another of finite mass 
and is subject to the disturbing influence of a distant large mass which moves in 
a circle about the finite mass except in so far as it is disturbed by the small body. 
Moreover, the orbit of the small body is circular except as it is disturbed by 
the distant large mass. 

In this paper the problem of a distant infinitesimal body moving subject to 
the attraction of two finite masses relatively near each other and revolving about 
their common center of gravity in circles is considered, and the existence of 
certain periodic solutions is established. As the finite bodies approach coinci- 
dence the orbit of the distant infinitesimal body approaches a circle. The re- 
striction that the distant mass shall be infinitesimal is no more necessary than 
it was in the earlier problem, but it is made for the sake of simplicity. 

The mode of treatment here is similar to that adopted in the earlier investi- 
gation. For the value zero of the parameter » the problem reduces to that of 
two bodies which admits a circular orbit as a periodic solution. The existence 
of the analytic continuation of this orbit as a periodic solution is proved, and 
direct methods of constructing the series are developed. It is shown how the 
integral can be used as a check on the computations, or to replace one of the 
differential equations in the construction of the solutions. 

The earlier paper had direct and important applications to the Lunar Theory 
and to the satellite theory in general. The results of this paper do not find 
applications in the solar system, except possibly in the case of the most remote 
small satellites of Jupiter and Saturn which are subject to the attractions of the 
central planets and the larger interior satellites, but they have some use in 
certain triple star systems. Their chief value is certainly that they cover a part 


* Read before the American Mathematical Society, Chicago, April 29, 1911. This paper 
was written while the author was a Research Associate of the Carnegie Institution of 
Washington. 

t Treated by the writer in these Transactions, vol. 7 (1906), pp. 537-577. 
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of the field of periodic orbits of the restricted problem of three bodies, and an 
examination of the whole field is necessary for the discussion of the evolution 
of these orbits with a continuous change of the parameters upon which they 
depend, for example the constant of the Jacobian integral which Dr. Hitt and 
Sir GeorGE Darwin adopted in their important researches.* The results of 
such an analysis as is given here supplement the Jaborious numerical iavestiga- 
tions of Hitt and Darwin. 


2. The differential equations. 


Let m,; and mz represent the masses of the finite bodies and /° the gravitational 
constant. Suppose the infinitesimal body is projected in the plane of motion 
of the finite bodies; its orbit will be a plane curve. Let the origin of codrdinates 
be the center of gravity of the system and the xry-plane the plane of motion. 
Let the coérdinates of m,, m2, and the infinitesimal body be x1, y1; 22, y2; and 
x,y respectively. Then the differential equations of motions for the infinitesimal 
body are 


hk? me 
ry 
‘(a 1), (y — yo)”. 
Let 
R= V(a1— #2)? + (ms — 
9 


Then equations (1) become in polar coérdinates 


d? ( a) U 

"\d)~ ar’ 
dr dv U 

' “dtdt r dv’ 


(3) 


We now deve!op the potential function U. From (1) and (2) we find 


*Hitt, American Journal of Mathematics, vol. 1 (1878), pp. 5-26, 129-147, 245- 
260; Darwin, Acta Mathematica, vol. 21 (1897), pp. 99-242; Mathematische 
Annalen, vol. 51 (1898-9), pp. 523-583. 


Trans. Am. Math. Soc. 7 
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k? m, 


2k, 


= 


2 \? 
+ cos ( | 
k? (mi + mez) R? 
R,— 
“[3 cos (v— +5 cos 


Then equations (3) become 


dv \? (my m2) R? 
R,—-— 
+ cos (v— +5 cos 
(5) 
— Re) 


If the orbits of m,; and mz are circles, as is assumed to be the case, equations 
) admit the Jacobian integral * 


t? 


dx \? dy \? dy dx 
G ) + (2 ) E dat aU —C, 
where 
kVm lo 
(6) = - C = constant of integration. 


It follows that n; is the mean motion of the finite bodies and that 7; = n,(t— to). 
The integral becomes in polar coérdinates 


+r/( ) — 2nir di =2U—-— 


When the right members are neglected equations (5) have the particular 
solution 


dv 


(7) dt 


kV me 
a’ 


(8) 


r= 4, »= (t—t)) =n(t—to), 


where n is the angular velocity of the infinitesimal body in its orbit and to is 
It will be supposed that n is given by the observations, 


*See Movutton’s Introduction to Celestial Mechanics, p. 202. 


an arbitrary constant. 
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or that its value is assumed, and that a is determined by the second equation 
of (8). The constant a has three determinations, only one of which is real. 
New variables p, @, and 7 and new constants « and V will be introduced by 


the equations 
r=a(1l+p), ve n(t—t)+ 4, 


(9) =p, (n—7,)(t—t)=7, 


my, Me 


[my + 


It follows from (6), (8), and (9) that 


(10) 


Then equations (5) become 


dg we 1 


— 10 
1 2<\ 
a6 dp dé — Mp? 
m2 — my 


These equations are valid for the determination of the motion of the infinitesimal 
so long as |u|< 1. The right member of the first one involves only cosines, 
and of the second one only sines, of integral multiples of (7+ 6). The parts in 
the brackets proceed according to powers of yu’, the coefficients of even powers 
of uv’ in the first and second equations being cosines and sines respectively of 
even multiples of (7+ 6), and the coefficients of odd powers of yu’ being cosines 
and sines of odd multiples of (7+ @). 


3. Existence of periodic solutions. 


Suppose p = 8, dp/dt = 0, 06 = 0, do/dr = y at r = O and let the solution 
of (11) be written in the form 


f(B,y37); 


> 
II 


(12) 
6= (8,737). 


R 
|| 
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Now make the transformation 


(13) 
The resulting equations have precisely the form (11). Consequently their 
solutions with the initial conditions p’ = 6, dp’ /dr = 0, & = 0, de’ /dr = y are 


=f(B, 735 = 


(14) 
(8,7; 7) — 4. 


Therefore, w th the initial conditions adopted, p is an even function of 7 and 6 
is an odd function of +. The orbit is symmetrical both geometrically and in 7 
with respect to an axis passing through the origin and rotating with any con- 
stant velocity. In particular, it is symmetrical with respect to the line joining 
the finite bodies. Such an orbit will be called symmetrica! whether it is periodic 
or not. 

Now consider the conditions for a closed symmetrical orbit. Since the right 
members of (11) involve sines and cosines of integral multiples of 7, sufficient 
conditions that p and @ in symmetrical orbits shall be periodic with the period 


2jx, j an integer, are 
dp/dr = f'(B, jr) = O,7 


(15) 
6=9(B8, jr) = 0. 


These conditions are necessary provided they are distinct. 
In order to examine the solutions of (15) it is convenient to use other para- 
meters than 8 and y. Suppose that at 7 = 0 


0, 


— Vite 
dt 1—u(l+a)?(1—e)?* 


It follows that a (1 + @) and e are the major semi-axis and the eccentricity of 
the elliptic orbit which we should obtain if the right members of equations (11) 
were zero. Because of the well-known properties of the solutions in terms of 
these elements, the properties of the general solutions so far as they do not depend 
upon the right members of (11) are known. These properties will be important 
in solving the conditions for periodic solutions. 

Equations (11) are regular in the vicinity of »= 0, p=0, dp/dt=0, 
6= 0,d0/dr = Oforallr. It follows from Cauchy’s general existence theorem 
on the solutions of differential equations that the solutions are analytic functions 


} 

(16) 
— 
i—s 
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of a,e, and yz which are regular in the vicinity of a = e = uw) = 0; and it 
follows from Poincaré’s extension * of Cauchy’s results that the moduli of a, 
e, and u' can be taken so small that the solutions are regular while 7 runs through 
any finite preassigned range of values. We shall choose as the interval for r 
the range 0 = 7 = 2jx and integrate (11) as power series ina, e¢, and y', van- 
ishing with a= e= wi =0. That is, our results are the analytic continu- 
ation with respect to these parameters of the particular solution r= a, rc = nt 
which we have when » = 0. The results may be written in the form 


1 
p=pila,e,p';T), 


dp 
dt 


where pi, ---, p4 are power series in a, €, uw’ with 7 entering in the coefficients. 
The conditions (15) for a symmetric periodic solution become 


po (a,e, jr) = 0, 
(18) 

P3 (a, jr) 0. 
It will be shown that these equations can be solved for a and e as power series 
in uw’, vanishing with »4 = 0, and converging for the modulus of y} sufficiently 
small. 

Since the right members of (11) carry u* as a factor, the part of the solution 
depending on the right members will be divisible by u*. If the right members 
of (11) were zero and the solution were formed with the initial conditions (16), 
the mean angular motion of the infinitesimal body in its orbit would be 


9 = 


Consequently it follows from the solution of the two-body problem that equations 
(18) have the form 


po(jr) = ev {sin + esin Qvjr+ ---} jr) = 0, 
(20) 


p3(jr) = jn — — 2e sin — | u's jr) =0, 
—p 


where the unwritten parts in the { } are sines of multiples of vjx and carry e 
as a factor. 
*Acta Mathematica, vol. 13 (1890), p. 16. 


(17) 6= p3(a,e, 
dr 
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On referring to (19) it is seen that the first equation of (20) is divisible by wu? and 
the second by wu. After division by these factors the equations are still satisfied 
by a= e=y=0. Moreover the determinant of their linear terms in a and e 
is 
(21) = — +0. 

Therefore, besides the solution » = 0, equations (20) have a unique solution 
for a and e as power series in uw’, vanishing with wu? = 0, which converge for the 
modulus of uv’ sufficiently small. These power series carry yu’ as a factor and 
can be written 


(22) a= piP;(p'), e= pw P.(p'). 


On substituting these series in the right members of (17), which vanish with 


a=e=yp' = 0, we have 
(23) p= (57), 6 = wQe (u's 7). 


The series Q; and (2 are periodic in 7 with the period 2jz because the conditions 
that the solutions shall have this period have been satisfied. Since (17) converge 
for all 0 = + = 2jx if the moduli of a, ¢, and w' are sufficiently small, and since 
the expressions for a@ and e given in (22) vanish for u = 0, it follows that the 
modulus of u' can be taken so small that the series (23) converge for all 7 in the 
interval; and since they are periodic with the period 2jz, the convergence holds 
for all finite values of 7. 

The integer j has so far been undetermined. When j is unity the periodic 
solutions exist uniquely and their period is 27. When j is greater than unity 
the periodic solutions also exist uniquely. Since the periodic orbits for j greater 
than unity include those for 7 equal to unity, and since in both cases there is 
precisely one periodic orbit for a given value of yu} , it follows that all the sym- 
metrical periodic orbits of the class under consideration have the period 2r. 

It follows from (6) and (9) that 7 + 6 = ve — %. Since in the periodic solution 
6 is periodic with the period 27, the period of the solution is the synodic period 
of the three bodies. Hence, if we refer the motion of the infinitesimal body 
to a set of axes having their origin at the center of gravity of the system and 
rotating in the direction of motion of the finite bodies at the angular rate at 
which they move, and if the z-axis passes through the finite bodies, the 
periodic orbit of the infinitesimal body, which has been proved to exist, will be 
symmetrical with respect to the z-axis. Since by hypothesis a > R it follows 
from (6) and (8) that n; > n. Therefore even if the motion of the infinitesimal 
body is forward with respect to fixed axes it is retrograde with respect to the 
rotating axes. 


4 
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It is supposed that the period of the finite bodies, and therefore n,, is given 
in advance and remains fixed. The variation of the parameter y’ corresponds 
to a variation of the period of the infinitesimal body defined by n. If the motion 
with respect to fixed axes is forward n has the same sign as nm, and yu’ has three 
values, one of which is real and positive while the other two are complex. If 
the motion is retrograde yu’ has three different values, one of which is real and 
negative while the other two are complex. Therefore for a given period there 
are six symmetrical orbits, three direct and three retrograde, and for small | u 
one direct orbit is real and one retrograde orbit is real, while in the others the 
coérdinates are complex. This means, of course, that the corresponding solu- 
tions do not exist in the physical problem. The codrdinates of the complex 
orbits are conjugate in pairs. For a certain value of uy’ they may become equal, 
and therefore real, and for larger values of uv} real and distinct, as Darwin found 
by numerical computations to be true for satellites in a special case in Acta 
Mathematica, vol. 21 (1897), pp. 99-242. 

Transforming the integral (7) by (9), we find 


d p\? of # doe}? (1+p)f dé 

2Mu* 

(1—p)2(1+ 


(24) 


}{1+3cos2(7+6)] 


My — My [3 + }+ | 

my + mo8(1+ p) 
where C = n?(1—y)’a’C,. It follows from this equation and (23) that C, 
can be expanded as a power series in yp}, vanishing with ui = 0. The term of 
lowest degree in yw’ after substituting (23) is uw’. Therefore uy’ can be expanded 

as a power series in C}. For C, = 0 the three branches of the function are the 
same. Sincea = R/ yp’ the relation between ( and C; is 
nik 
C= F = — [1+ power series in yu]. 

From this it follows that C = 2 for ui= 0. Therefore the periodic orbits 
branch at C = o, and there are two cycles of three each. 


4. Practical construction of the periodic solutions. 
It has been proved that the symmetrical periodic solutions under discussion 


are expressible in the form 


(26) p= Din’, > 


i=4 i=4 


1—»)?(1+p) 


~ 
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where the p; and 0; are functions of r. Since these series are periodic and con- 
verge for all | u'| sufficiently small, it follows that each p; and 6; is separately 
periodic; that is, 


(27) pi(r+ 27) = pi(r), 6:(r+ 27) = 


In every closed orbit there are points at which dp /dr = 0. We shall suppose 
that to of (9) is so determined that this condition is satisfied at r = 0. It follows 
from this and the convergence of (9) for all | 4} | sufficiently small that 
(28) (j= 4,-++, 00). 

In the symmetrical periodic orbits whose existence has been proved above we 
have also @ = 0 atz7= 0. But we shall not now impose this condition because 
the general periodic orbits include those which are symmetrical; and if in the 
construction it appears that the conditions for symmetry are a consequence of 
those for periodicity, we shall have proved that all the periodic orbits of the class 
under consideration are symmetrical. Such will be seen to be the case. 

Equations (26) are to be substituted in (11), arranged as power series in y!, 
and the coefficients of the several powers of yu! set equal to zero. The coefficients 
of u) set equal to zero give the equations 
ps 


(29) 72 79: 


r dr* 
The solutions of these equations satisfying (27) and (28) are 
(30) ps = 0, = by, 


where a, and b, are constants which are so far undetermined. 
The coefficients of ui,---,u' are the same as (29) except for their sub- 
scripts, and their solutions satisfying (27) and (28) are similarly 


(31) pj = aj, 0; = b; (j =5,°--,9), 


where the a; and ); are all undetermined constants. 
The coefficients of u* give the equations 


2 3M 
pro [1+ 3 cos 2r], 


(32) 
ad? B19 3M 
SIN <7. 
2 


In order that the solution of the first of these equations shall be periodic we 
must impose the condition 


(33) a, = 


ti 
M 
4 
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which uniquely determines the constant az. Then the solutions of (32) satis- 
fying (27) and (28) are 
Pio = Ayo + 1G M cos 27, 


= Dio + 3M sin 
ayo and by remaining undetermined. 
The coefficients of »* are 


pi 24 
= 
dr 


from which it follows that 
(35) a,= 0, Pu = 41, = bu, 
where and are as yet undetermined. 

The coefficients of » are 


M(m,— mz) 

= dg + 9 

2(m,+ me) 

3M(m,— m) 
§ m+ im 


[3 cos 7+ 5 cos 37], 


[sin 7 + 5 sin 37]. 


Imposing conditions (27) and integrating, we find 
ag = 
M(m,— m2) 
2(m, + me) 
3M — mz) 
8 (m4 + m2) 


[3 cos 7 + % cos 37], 


610 = byw — [sin sin 37], 
where aj. and by. remain undetermined. 
In a similar way we find from the coefficients of yp” 


(37) a = 0, = Q43 3M cos 27, 443 = bis igM sin 27, 


and remaining undetermined. 
So far all the b; have remained arbitrary and it is necessary to carry the in- 
tegration one step further in order to see how they are determined. The coef- 


ficients of u* are 


7 = 3a, — 3a, + $M [3b, sin 27 + 2a, + 6a, cos 27], 
(38) 
6 
as = — 3M cos 27 — 2a, sin 27]. 


dr 


d* 6 
dr 
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Substituting the values of a, and 64,9 from (33) and (34), imposing the con- 


ditions (27) and integrating, we find 


3M? 


ag = 
16 


Pus = A144 — 2b,M sin 27 — 6 M? cos 27, 
6144 = big + 40,M cos 27 — 43? sin 27. 
Imposing the condition (28) for} = 14, we have 
0, 
= — 75M? cos 27, 
14 = byy — sin 27. 


From the coefficients of uv“ it is found in a similar way that 


(cos 7+ cos 3r], 
my + moe 
(Mm, Moe 


mi + Me 


Pe 
[sinz + sin 37], 
ay; and b;; remaining arbitrary. 

It will be observed that so far as the computation has been carried the coef- 
ficients of the p; are cosines of integral multiples of 7 and the coefficients of the 
6;, except for the undetermined additive constants, are sines of integral multiples 
of +. In the computation of p; the periodicity conditions have uniquely de- 
termined a;_,, and the condition dp; /dz = Oat r = O has required that b;-19 = 0. 
It will now be shown that these properties are general. Suppose py, +--+, pa, 
4;, -++, 4, have been computed and that the coefficients are all known except 
***, Which enter additively in --+, pn respectively, and b,-9, 
-++, b, which enter additively in 6,9, ---, 0, respectively. For the deter- 


mination of p,4; and we lave 


=> Mb,» sin 27 + | ( T) ’ 


9 = ( 


where F,.,(7) and G,,; (7) are entirely known functions of 7. It follows 
from the assumptions respecting p;, ---, pn, 01, 8, and the properties of 
equation (11) that F,,,1(7) is a sum of cosines of integral multiples of + and that 


= 0, 
p15 = 415 NM 
(41) 
(42) 
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G,41(7) is a sum of sines of integral multiples of r. Hence we may write 
= sin jr. 


In order that the solution of the first equation of (42) shall be periodic we 
must impose the condition 
(45) Ay” 
which uniquely determines a,_;. 
After equation (43) has been satisfied the solution of the first equation of 
(42) is 


= — $Mb,_9 sin 27 + cos jr, 


(44) 


The condition dp / dr = 0 at r = 0 makes it necessary to impose the condition 
(45) QO. 


Then pps: is completely determined except for the additive constant a,.;, and 
is a sum of cosines of integral multiples of +. 
The solution of the second equation of (42) is 
= t =B; sin jr; 


(46) 


1 


Hence 0,1 is a sum of sines of integral multiples of 7, except for the unde- 
termined constant b,,; which must be put equal to zero in order to satisfy the 
conditions on p,s11- These results lead, by induction, to the conclusion that 
the p; and 6;, 7=4, ---, ©, are sums of cosines and sines respectively of integral 
multiples of + whose coefficients are uniquely determined. 

It follows from the properties of the solutions which have just been established 
that not only is dp / dr = 0 at = 0 but also 6(0) = 0. Therefore these 
periodic orbits are the symmetrial orbits whose existence was established in § 3. 
In the construction it was not assumed that the orbits were symmetrical, and 
since this property was a necessary consequence of the periodicity conditions 
it follows that all periodic solutions which are expansible as power series in y} 
are symmetrical. It is easily shown by direct consideration of the construction 
of periodic solutions that they cannot be expanded as power series in yu‘! except 
when j is a multiple of 3, and that then they reduce to those found above. 


1 
=— 
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5. Application of the integral.’ 


The differential equations admit the integral (24) which, for brevity, can be 


written in the form 
dp d9 
= 
(>, dr’ ) 0. 


It follows from the form of (24) and the expansion (26) that the left member 
of this equation can be developed as a power series in yu’, giving 


(47) F = Fo+ + Fo + + = 0. 


Since the p; and 6; are sums of cosines and sines respectively of integral 
multiples of 7, and since dp / dr enters in (24) only in the second degree and 6 
only in even degrees, it follows that the F; are sums of cosines of integral multiples 
of r. Equation (47) is an identity in u’, whence 


F, = =C;’ cos jr = 0 (n =0,..., 0). 
Since these equations hold for all values of 7, we have 


(48) =0 (n,j =0,..., 0). 


J 


The are functions of the --- , a” and Bj”, ---, Hence equations 


(48) can be used as check formulas on the computation of the coefficients of the 
solutions. 


Equations (48) can be used in place of the second equation of (11) for the 
determination of the §, the coefficients of the trigonometric terms in the 


expression for #,. Suppose ps, and 64, ---, 0,1 have been deter- 
mined except for additive constants in pro, +++, pr-1- It follows from (24) 
that F, is 

dé d p; d6; 
49 F,= i, 6;, (j =4,...,n—1), 
(49) drt % Gy 


where P, is a polynomial in the arguments indicated. Consequently equations 
(48) are of the form 


(50) = + Di? (ay, Be’) = 0 (y= 4,-+-,n—1), 


where the D‘ are known polynomials in the a’ and the 6/’’. Therefore equa- 
tions (50) uniquely determine the 6°’. 
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HARMONIC FUNCTIONS AND GREEN’S INTEGRAL" 
BY 


0. D. KELLOGG 


$1. Introductory. 


In his monograph on the Theory of Fourier’s Series} BOcuER has devoted 


a section to Poisson’s integral, 


1 1 — r? 


and has given for it the following simple and elegant interpretation: 

“Tf we imagine that at each point of the unit circle the value of f (s) at that point 
has been marked, then the value of F (r, ¢) at any point P within the circle is equal 
to the average of these values as they would be read off by an observer at P who turns 
with uniform angular velocity and who is situated in a refracting medium which 
causes the rays of light reaching his eye to take the form of circular arcs orthogonal 
to the unit circle.” 

On the basis of this theorem, many of the theorems on harmonic functions 
for the circle become intuitive, and the course which formal proof must take 
becomes evident. It has therefore seemed worth while to undertake a general- 
ization to other regions, including those of higher connectivity. In its broad 
outlines, the generalization is easy. In fact, Poisson’s integral is a special case 
of Green’s integral 


1 a, 
where G (£, 7; 2,4) = log (1/p) plus a continuous function, p being 


If, (£, 7) regarded as fixed, H (£, 7; x,y) is the negative of the function con- 
jugate to G, so that 0G /dn = 0H /ds, the integral becomes 


u(t,n)= x f(s) dil. 


* Presented to the Society December 28, 1906 and November 26, 1910. 
jAnnals of Mathematics, ser. 2, vol. 7 (1906), p. 94. 
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Noticing, therefore, that the lines /] = const. are the lines of greatest steepness 

of Green’s function, or the lines of flow, if Green’s function is a velocity 
potential, and that, in the neighborhood of the point P(£, 7), H has the char- 
acter of arctan (y — 7)/(«— &), we arrive at the following interpretation of 
Green’s integral: 

“ The value of u (£, 7) is the average of the boundary values f (s) as they would 
appear to an observer stationed at P (£,) in a medium refracting light so that 
the rays take the form of the lines of flow of Green’s function.”* 

Although this interpretation is easily obtained, it is a different matter to 
show the existence of the derivatives involved, and to investigate the properties 
of Green’s integral. The attack on these problems led to the author’s studies 
which appeared in these Transactions of 1908.¢ It is the purpose 
of the present paper to extend the results there established, and to make appli- 
‘ations to Green’s integral and to the question of the unique determination of 
harmonic functions whose boundary values are discontinuous. Attention is 
also called to Theorems IV, V, and VI, which are believed to be new and useful. 
$2. Derivatives of harmonic functions on the boundary of a multiply connected 
3 j 

region. 

As the extension by conformal mapping of theorems on harmonic functions 
for the circle seems feasible only in the case of simply connected regions, it 
appears desirable to extend the results of the above cited papers to multiply 
connected regions. { At the same time the extension will be made to derivatives 
of higher order. In the matter of multiple connectivity a paper of PLEMELJ$ 
will be found useful. 

Let It be a finite closed connected region bounded by a system of curves C, 
consisting of a closed outer curve (yp and k closed curves (,, C2, C3, +--+ Cx 
lying within (y and having no points in common with it or each other, and free 

* It is of interest to note that this may also be considered a generalization of Gauss’ theorem 
that the value of a harmonic function at the center of a circle is the mean of its values on the 
circumference. In fact, for this case, H = & = s/r. BdcuER, Note on Poisson’s integral, 
Bulletinof the American Mathematical Society, vol. 4 (1898), p. 424. 

+ Potential functions on the boundary of their regions of definition, vol. 9, (1908), pp. 39-50, 
and Double distributions and the Dirichlet problem, vol. 9, pp. 51-66. Hereafter referred to as 

t To the literature of the subject previously cited should be added H. Petrrint, Les dérivées 

J I 

premitres et secondes du potentiel, Acta Mathematica, vol. 31 (1908), p. 127ff. G. Puc- 
c1ano, Studio sui potenziali logarithmici di strato lineare semplice e doppio e delle loro derivate 
primo, Rendiconti del Circolo Matematico di Palermo, vol. 23 (1907), pp. 374- 
393. These papers consider dependence of potentials of various distributions of attracting 
matter upon densities and moments of the distributions. The dependence upon boundary 
values of the harmonic function is another question, related, but not simply related, to the 
first. 

§ Uber lineare Randwertaufgaben der Potentialtheorie, Monatshefte fiir Mathematik 
und Physik, vol. 15 (1904), pp. 337-411. 
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from double points. Let them have parameter equations x = x(s),y = y(s), 
where s is the length of arc, the curve (; corresponding to the interval /,_, =s < /;, 


where /_, = 0, and J, = / is the sum of the lengths of all the curves of the 
system (. Continuity of a function f (s) at one of the points /; is to mean 


f(-0) =f Udit 9) ands f =f 0 


The following hypotheses will be employed (P. F., p. 41). 

(A”) There exist three positive numbers, N, a and 6, independent of s 
and As such that for!As|<6, |x” (s+ As) —2x"(s)|< As and 
(s+ As) — |< N| As |*. 


(B”) f(s) ts continuous, and the integral 


7 !(st+t) 


vanishes with + uniformly with respect tos. 

In both conditions, r is an integer greater than or equal to 1 and 2” means 
the rth derivative of x. If they are fulfilled, we have the following theorem: 

TueoreM I. There exists a uniquely determined harmonic function on R, 
u(ax,y) which approaches the boundary values f(s); all its derivatives with 
respect to x and y of order r are continuous in the closed region R. 

The proof which follows depends upon the representation of the harmonic 
function as the potential of double and simple distributions on C. The moments 
and densities of these distributions will first be found and a study will then be 


made of the properties of their potentials. 


$3. Representation of a harmonic function as the potential of distributions on C. 


The attempt to determine the moment ¢(¢) of a double distribution so that 


u(é,n)= (t).- log dt, 
0 on p 


will assume the boundary values zf (s), leads to the integral equation 


its potential 


(1) o(t)K(s,t) at, 
from which ¢(s) is to be determined for \ = 1, and where K (s,?f) is the 
function 
y(s)— y(t) 
arctan 


K (s,t) is continuous for s + t, except at the points s = 1;, t= 1,1, and 
satisfies the same inequalities near the points of discontinuity as in the case of 
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simple connectivity.* The changes of order in the integrals may be justified, 
and the Fredholm resolvent L (s,¢; \) established just as before. This done, 
a difference arises, since in the present case \ = 1 is a pole of L(s,t;X). 
All the poles of this function are known to be simple, and in the neighborhood of 
h = | it will have a development 
(2) + R(s,t;4-—1), 
where Rf (s,¢;— 1) is a power series in \ — 1 beginning with the first power 
of this difference, converging uniformly in closed regions excluding the dis- 
continuities of K (s,¢), and satisfying an inequality of the same character as 
K (s,t) for small \ — 1 at the points of discontinuity. P (s,t) and Q (s, t) 
have the continuity properties stated for K (s, t). 

Setting the expression (2) in the following characteristic equations for the 
resolvent 


l 
K (¢,t) = L(s,r;)K(r,t)dr, 


K(s,t)=L(s,t;\)+ rf L(r,t;) K (s,r) dr, 
and equating the coefficients of like powers of \ — 1, we have 


0= P(s,t)+ P(s,r)K(r,t)dr, 


(4) 
and 
K (s,t)= fete, r)K(r,t)dr+ 
(5) 
Q(rt) K (sr) drt f K (ar) dr. 


The second equation (4) shows that P (s, ¢) is for any fixed ¢ the moment of a 
double distribution whose potential is0 in R. We concludet that this potential 
is 0 also outside of Cy'and constant inside of each C;(i>0). Hence P (s, t) 
must, for fixed ¢, be 0 on Cy and constant on each C; (i >0). Let 


S; (s), (s), S; (s), Si. 


*P.F., p.53. Also FrepHotm, Acta Mathematica, vol. 27 (1903), p. 384. It should 
be added that if r= 2 in the hypotheses ( A’ ) and ( B’”) , K (s, t) is continuous throughout. 

+ See the article cited of PLemets. The theorems there established may be applied here 
with the one caution that for r = 1 the possible discontinuities of K (s,¢) must be con- 
sidered. The X of his article is minus the \ of the present paper. 

t The reasoning is well known. See, for instance, P. F., p. 58. 


Hi 
(3) 
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each equal 1 when s lies in the interval corresponding to the curve with the same 
index, and be 0 for all other values of s. Then P(s,¢) may be written 


P(s.t)= S; (s) T; (t) + Ss (8) (t) + S3 (8s) 7. 
(6) 


where 7’; (¢) is the value of P (s,¢) when s corresponds to a point of (,. 
Using this value in the first equation (4), and letting s lie in the various in- 
tervals, we find the equations 


(7) 0= r(t)+ | Ti(r)K(r,t)dr (i 


which show that the 7; (¢) are the densities of simple distributions on C whose 
potentials have vanishing normal derivatives in the region outside of (. As 


l 
[x (r,ijd=1, 


we find upon integrating the equations (7), 
J 


so that the total masses are 0 and each potential vanishes at infinity. Hence 
each potential with density 7; (¢) is 0 on Co and constant on each C; (i> 0). 
We shall call them V; (£, 7), and shall have use for them presently. They 
are linearly independent.* 

If the first equation (4) be multiplied by L (¢, g; \) dt and integrated, we find 
on comparing coefficients of \ — 1 


(8) P(s,t)= P(s,r) P(r that, 
or 


k k 
(9) > S:(s) = (t) | 7; (r) dr. 
{=i 


j=1 


From this it follows, because of the linear independence t of the 7; (¢), that 


dt = — i 
=0(i+j)]’ 
the last equations following from the preceding ones because of the vanishing of 
the total mass. 

* See PLEMELJ, loc. cit., p. 389. 

+ A fact proven in the theory of integral equations. See PLemEeLs, Zur Theorie der Fred- 
holmschen Functionalgleichung, Monatshefte fir Mathematik und Physik, vol. 15 


(1904), pp. 110 and 113. 


Trans. Am. Math. Soc. 8 


(t 
3 
(i=1,;: 
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Proceeding to the solving of the integral equation 
al 
(11) f(s)=els) + f K(s, 0d, 


we multiply it by P (r,s) ds and integrate, using the first equation (4). The 
result is 


(12) 


a condition which must be satisfied if the equation (11) is to be solvable. If 
f (s) does not satisfy this condition, the function 


g(s)=f(s)- fro P (s,t) dt 


does, as may be seen by employing the relation (8). The difference f (s) — g (s) 
is constant on each curve C;. Let us consider the equation 


Multiply it by Q (7,8) ds and integrate, using equations (5) and (4). The 
result is 


f 


Equation (13) reduces this to 


¢(s)Q(r,s)ds 


+ | (r,t) Q (r,t) + P(r, t) Ide. 


e(s)=9(s)— f f g(t) P(s,t)dt, 
or 


i k 
0 i=1 
which must be the form of the solution, if it exists. As 


Si(a) + Si(t) K (9,1) dt = 0, 


the added summation may be omitted if, as in the present case, a particular 
solution suffices. That (14) actually does give a solution may be seen by mul- 
tiplying it by K (s, r) ds and integrating. 

It therefore appears that it is not always possible to find a double distribution 
whose potential will take on the boundary values f(s). It is, on the other 
hand, possible to find one such that the boundary values of the potential will 


iat 
| 
| 
‘ 
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differ from f(s) by a function which is 0 on Cy and constant on each of the 
curves C;(i>0). Let W (£, 7) be such a potential. Then as the functions 
V(é, 7) are linearly independent, it will be possible to find constants ¢, ¢, 
€3, ¢, such that the potential 


of a simple distribution on C takes on, on the boundary, a value equal to the 
difference between wf (s) and the boundary values of II’(&,). Hence 


u(é,n) = W(E,n) (E, 0) + (E,0) (E,0) + 
+ (E, 2) 
is a harmonic function on # taking on the boundary values zf(s). 


$4. Character of certain functions occurring in the solution of the integral equation. 
The functions 


Kealo,r)K (0, t)dr [Ko(s,t) = K(s,t)] 


have the same continuity properties as K (s,t), except that if the iteration 
process is carried far enough, a bounded function is obtained (P. F., p. 54). 
The result of the next iteration is a function continuous throughout. The only 
proof that need be given here is for a point (89, so) of the line s=¢. Let the 
increment AK (s, ¢) due to the increments As and At be written as a sum J,;+ Jo, 
where 


| 
and 


so-n 
0 so+n 


Then 


sotn 
| Ji |<B [| K (r,t)|+|K (r, %) |]dr, 
where B is an upper bound for | K;-1 (s,¢) |, and by the inequality to which 
K (s,t) is subject, 


4BAn* 
< | (r — 1dr = 


and so can be made less than 3e by taking » small enough. Then because 
of the uniform continuity of the integrand in the remaining intervals, As and 
At can be made so small that | Jo|< de. With these restrictions on As and 
At, | AK; (s,t)| <e. 

Referring now to a previous paper (P. F., pp. 55-57), we take n so large as 
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to make K,(s,¢) continuous throughout. The function ['(s,¢;) there given 
is a power series in \ with continuous coefficients, and such that a dominant 
series with positive constant coefficients can be found, Gg + Ger? + ---, 
which is convergent for every \. In the expression for L (s,¢;), 


L(s,t;) = —k(s,t;d) 
9) 1 l 


the same statement may be made for the functions 
vl 
N (8s,t;}) (s,t;4) + r(r,t;\) k (s,7r;X) dr, 


since multiplying a uniformly continuous function by K (s, r) dr and integrating 


gives a continuous function, and since 
|K(s,r)|dr 
0 


is bounded. Indeed, if M be a bound for this integral, a dominant series for 
N(s,t; ) will be 


Go + Gr+ Grd? + + + GAF 


which is the product of an always convergent series by a polynomial, and hence 
is always convergent. The same is true of the development of NV (s, t; \) about 
any point of the plane, in particular of 


N (8,t;4) = N,(s,t) (A— 1)? + (8,t) 


As we have seen, the point \ = 1 is a simple pole of L (s,t;), so that the 
development of 6(X) about the point \= 1 will begin with the (p+ 1)th 
power of \— 1. It follows that (A — 1) N (s,#;X)/6 (A) is a power series 
in }\— 1 with continuous coefficients and has a dominant series with finite 
radius of convergence. A comparison of equations (2) and (15) therefore 
leads to the results: 

P (8, t) is continuous throughout. 

Q(s,t) = K(s,t) — Ki(s,t) + Ke(s,t) — £K,_, (s, t) plus a fune- 
tion continuous throughout. 

The first n — 1 coefficients of R(s, t; X\— 1) are polynomials in K (s,t), 
K, (s,t), Ko (s,t), K,_, (s,t) plus continuous functions, and all further 
coefficients are continuous. 

These statements hold for r = 1 in condition (A); if r=2, we may go 
farther, and assert the continuity of all the functions of s and ¢ considered. For 
the study of the rth derivatives of harmonic functions, information will be 


i 
al 
| | 
| 
| 
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needed concerning the (r— 1)th derivative of A (t,s) with respect to s. 
Since this derivative is a rational function of x(t), y (t) and of x(s), y(s) 
and their derivatives of order r or lower, the denominator being a power of 
p= [x(s)—2(t) [y(s)—y(t)]}?, is uniformly alge- 
braically continuous* in s in any closed region excluding the line s = ¢ and 
the points s = 1;,t = 1;.,. For the neighborhood of s = t, a special study must 
be made (a similar study will yield similar results for the other points of dis- 
continuity). What is needed (P. F., pp. 63-66) is an inequality 


(16) | (t,s) |< Alt—e |, 


as well as one of the form 
(17) | ( {2 0 ) | < #27 
the latter holding for 7 >t > #=s=0, with a similar one for the corre- 
sponding negative values of the arguments. A, a, F, and 7 are positive 
constants. 

To establish these inequalities, consider first (s, where 

q(s,t)=[y(s)—y(t)]/[x(s) 

If this defining relation be cleared of fractions, and then differentiated r times 
with respect to s, the resulting equations may be solved for g/’(s, ¢) , and will 


give 
x(s)—2z(b) 0 0 0 y(s)—y(t) 
x'(s) x(s)—2(t) 0 0 y(s) | 
x’ (s) 22'(s) a(s)—a(t) 0 y (s) 
C2") "Cr --- Cree) y”(s) 
7C,, "C2, --+ being binomial coefficients. Let us imagine ¢ fixed, and the axes 


so chosen that 2’ (t)=1,y'(t)=0. Then by the law of the mean, 
[x(s)—a(t)]™ = (s—t) [14+ F(s, t)(s—t)], where F(s, t) is a 
bounded function. Now add to the first row of the determinant above (t — s) 
times the second row, (¢ — s)?/2! times the third, and so on to the last. The 


* That is, there are three positive numbers, 5, A, and a, independent of s and ¢, such that 
for |As| < 6, s+ As) — < 


| 

| 
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law of the mean then shows that all the elements of the top row except the 
first and last contain (¢ — s)"*!. The quotients of the first and last elements 
by |s —¢|"** will be bounded, a result of condition (A). Since all the 
other elements of the determinant are bounded, it follows that g\(s,t) is a 
bounded function times |s Finally, as 

ar 1 q,(s, t) 


— arctan q (3,t)=- 


1 
= 
(t, r OS x ds" 11+ [q t)]*’ 


and as all the derivatives of g (s,¢) with respect to s of order lower than the 
rth are bounded, the inequality (16) is established. 

With respect to the inequality (17), it should be noticed that if a function 
is subject to it, that function multiplied by a function which is uniformly al- 
gebraically continuous in s is subject to an inequality of the same kind. We 
need therefore only show that this inequality is a property of the quotients by 
[x (s) — x (t)]"*' of the elements of the first row of the above determinant after 
the addition of the specified multiples of the other rows. The first element 
alone will be considered here, as it is typical. It is 
E(s,t)=2(s)—a(t) +2’ (s) (t-—8s) +2" (s) 

+ 2” (s) 
As for the divisor, if we choose our axes so that 2’ (0) = 1, we may replace 
it by (t—s)’*' since the multiplier necessary to correct this replacement, 
+ (s—t)"*'/[a(s) — a(t) ]"*', is uniformly algebraically continuous in s. 
Indeed, its s-derivative is bounded for small s andt. If now x(t), and 2 (s) 
and its derivatives in the expression FE (s, ¢t), be developed about the point 0, 
the result will be 


E(s, t) E (0, t) 
(t—s)*' yr! 


+°C,_, 2 (8,_,8)38(t— 8)" 4+ (8) (t— 8) — 
— (t—s)"'[2 (0) — 2 (F t)t]} 


in which it is important to notice that the two proper fractions ™ are the same. 
The numbers #,, ---, 3,_, lie between zero and one. If the condition (A‘”) 
be consulted, and F be used to denote various bounded functions, it will be 
seen that this expression may be written 

— (t—s)¢ (0) —2°( 


F {st /(t—sy' +e —"'C,t s+ + 


| 

| | 


1912} HARMONIC FUNCTIONS AND GREEN’S INTEGRAL 119 


and in the interval in question, this is less than F - s**##*-'. The inequality 
(17) is thus established. 


$5. Character of the moment and of the densities of the potentials W and V,. 


In this paragraph, f(s) will be regarded as subject to the condition (2"’); 
g (s) will then be subject to the same condition. With the properties of Q(s, t) 
obtained in the last paragraph, it is easy to show that the solution (14) of the 
integral equation (15) is continuous. We proceed to a study of the derivatives 
of ¢ (s), and to that end, consider the equation 


(19) = (9) — K (1,9) de. 


The necessary and sufficient condition for its solvability turns out to be 


l 
fo (3) de= 0, 


which is satisfied. A solution is 
l 
(20) (9) = gis) + f g(t) dt, 


where «x (s,¢) is the function corresponding to Q (s,¢) in the development of 
L(s,t;) about the point} = — 1. The function @(s) is continuous. Equa- 
tion (19) may be integrated with respect to s, with the result 


1 8 
g(s)= [ de— K (t, s)dsdt+ e(s), 


c(s) being constant on each interval 1; =s < 1j,;. As 


y(s)— y(t) 


a(s)— x(t) + 


1 
| K (t,s)ds = — arctan 
e/0 Tv 


where c(s,¢) is constant in each rectangle /;=s < 1;,,,4,=t<J1,,, we have, 
on integrating by parts,* 


f | |K(s,t)dt+ e(s). 


* The relations 
ea =o 


are needed here. They are a consequence of equation (20). It should be observed that from 
equations (3) it follows that 
f L(s,t; 


is independent of s on each s-interval, and hence this is true for «(s, ¢) also. 


| 
| 
| 
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From this it follows that 


g(s)= J 


and hence ¢’ (s) = ®(s),so that y’ (s) is continuous, and satisfies the equation 


This equation may be differentiated r — 1 times with respect to s. The in- 
tegral in the resulting equation will then satisfy condition (B),* and we 
may therefore make the statement: i 
TuHeoreM II. The moment ¢(s) of the double distribution whose potential, ' 
W(é, 9), takes on the boundary values xf (s) subject to condition (B”), the 
boundary curve being subject to condition ( A”), satisfies condition (B’). 
Turning to the densities of the simple distributions whose potentials are 
V(t, ), that is, to the functions 7;(s), we note that their continuity 
follows from that of P(s, t). Moreover, as they satisfy equation (7), the A 
reasoning applied to equation (21) enables us to state further: 
TueoreM III. The densities T;(s) of the simple distribution whose potentials 
are Vi(&,) are subject to the condition (B’-") if the boundary curve satisfies 
condition ( 


$6. Derivatives of harmonic functions on the boundary. 


Let h,, ho, ...h, denote r fixed directions in the plane, or, as variables, let 
h; = — cos a; + 7 sin a;, a; being constants. Consider first 


0 l 


‘ 
where p?» = [&—2(t))?+[n—y(t)]?. If it be transformed by integration by 
parts and by use of the function (£, 7; ¢) = arctan — 
conjugate to log p, its derivative with respect to h, will take the form 4 

aw a a 1 
where 
ii (t)=— (t) [2 (t) cosa, + y (t) sin a], 
¥1,2 (t) (t) [ y’ (t) COS — x (t) sin a]. 


If integration by parts be applied to the formula (22) and the derivative taken 
with respect to h., and so on, there is obtained the formula 


(23) +f ¢r—s,1(t) (E, 0) att log (*) dt, 


* For method of proof, see P. F., pp. 63-66. 


| 


1912] HARMONIC FUNCTIONS AND GREEN'S INTEGRAL 121 


in which, as a consequence of the condition (.1") on x(t), y (t), and of the 
condition (B’’) on g(t) (see Theorem III), ¢,_;,(t) and ¢,_;,.(t) satisfy 
conditions ( Then, as 


00 | 00 
Ov ~\p da p Ov 


the derivative of W of order r+ 1 obtained from (23) by one more differen- 
tiation admits of exactly the same treatment as did JV itself in the study Po- 
tential Functions on the Boundary of their Regions of Definition,* with the result: 
The potential W (&, 1) has continuous derivatives of order r in the closed region 
R. 
As for the functions 


vel 1 
Vi(é, n= | T;(t) log ) at, 


the first derivatives may be written 


ah, = f Sore, t)dt+ Slog (4) at, 
(t) = T;(t) [2 (t) cosa t+ y(t) sina], 
= — 7; (t)[y'(t) cos a — 2’ (t) sing]. 


where 


These expressions are seen to have the form of those for g;(t) and gi.2(t), 
except that they involve 7’; (¢) instead of its derivative. Hence, as 7; (t) 
is subject to condition (B’-”) by Theorem III, the functions y,_;,;(¢) and 
v,-1,2(t), analogous to ¢,;,:(¢) and ¢,;,2(t) above, satisfy the condition 
(B™). We may therefore conclude that 

The potentials V;(&, 7) have continuous derivatives of order r in the closed 
region R. 

The proof of Theorem I is thus completed. 


§7. Green’s function and some of its properties. 


Green’s function is defined by the equation 


(24) 


2, 
e(é,n; x,y) 05 


where g (£,;2,y) is harmonic in (2,7) in R for fixed (£, 7) and has the 
same boundary values as the logarithmic term in equation (24), and (£, 7) are 
the codrdinates of an interior point of R. G(£, 7; x,y) is therefore harmonic 
in (x, y) in any subregion of R excluding (£, 7), and approaches 0 as (2, y) 


#*?p, F., pp. 40-50, especially p. 43, third line, and p. 46, fourth line of § 3. 


| 

| 
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approaches any point of the boundary. It is known to be symmetric in its two 
pairs of arguments: 

G(x,y;&1) = 
so that for fixed (x, y), G(£, 7; x,y) is harmonic in (£, 1) in any subrégion 
of R excluding (x,y). 

Moreover, by Theorem I, for fixed (£, 7) the derivatives with respect to x and y 
of order r of G(&, 7; 2, y) are continuous in any closed subregion of R excluding 
the point (, 7). Inthe present section it will be assumed only that r= 1. 

If (a, 6) is a fixed interior point of R , there will be points, in case R is multiply 
connected, where 0G (a, b; x, y)/dx and dG (a, b; x, y)/dy vanish simul- 
taneously. It is important to know, however, that under the condition ( A‘) 
these points do not occur on the boundary. Continuity of 2’(s) and y’(s) 
alone is not sufficient to insure this, as may be seen by examining the conformal 
transformation z = — ¢log ¢, which, although it has an infinite derivative for 
¢ = 0, maps the upper half of the z-plane on a region whose boundary has 
a continuously turning tangent. The circle &* + (7 — 1)? = 1 corresponds to 
a region of the z-plane with continuously turning tangent, and Green’s function 
for this region has a vanishing normal derivative at the origin. 

To prove that dG (a, b; s)/an > 0* under the hypothesis ( A“), we choose 
our coérdinate system so that s=x=y=0 at the point at which we are to study 
the derivative, and take the x-axis in the direction of n. Then if ¢=£+7n=pe'’, 
there is a transformation z = (¢ — ¢°"°"—)/8, where m is a positive integer, 
and 8 a positive constant, which maps a circle p = a cos # of the ¢-plane, of 
sufficiently small diameter, a, on a simply connected region S of the z-plane, 
S lying entirely within R except that its boundary is tangent to that of R at 
the origin. The existence of such a transformation is a consequence of the 
hypothesis ( If then, G(a,b; x,y) expressed in terms of (£,) is! 
dG /dn=0F /d&-dE/dn. If ds and do are linear elements in the z-plane and 
¢-plane respectively, ds? = do?|1— (2m/2m—1)-¢"@"- ?/B?, so that at the 
origin d£/dn = 8B, anddG/dn is positive ifaT/déis. But (£, 7) is harmonic in 
the circle p = a cos 8, and is continuous on the circumference. Its boundary 
values y (a) are positive at every point except o = 0, where y (c) = 0. 

We are thus led to enquire whether the normal derivative of a non-constant 
harmonic function on the surface of a circle can vanish at the point where this 
function attains its minimum. It will not restrict the generality to assume a 
unit radius for the circle. Let ¢ be a positive constant less than +. Then 
for This function, continuous in the interval 
given, does not approach its lower limit as ¢ =e, so that it attains this lower 
limit, say \,, which is positive. Let \_ be the corresponding lower limit for 


5, (a,b 8) Gla, x(s) 


| 
| 
i} 
q 
| 


1912] HARMONIC FUNCTIONS AND GREEN’S INTEGRAL 123 


— < —e, and let be positive and less than the smaller 
of \, and X_. Then, if 


Blo) = 0 for —e=ca=e, 
Blo) = Alo — €) for e=c=r, 
= —XA(o+e) for —r=c=-e, 
it will follow that y(¢) = 8(c), for — =7, and if y(c) — B(c) = 


5(¢) >0 for o +0, and 6(0)=0. If B(é, 7) and A(E, 7) are the 
harmonic functions determined by the boundary values 8(¢) and 6(c), 
r(é,n) = B(é,n) + A negative normal derivative for A (é, 7) 
at o = 0 is impossible, as it would imply a minimum of a harmonic function 
in the interior of its region. B(£, 7), having continuous boundary values, 
will be given by Poisson’s integral, from which, upon integrating by parts 
and differentiating, we obtain 


This derivative is continuous for p = 1 and has the value 


r 2 
log ——— > 0 
x ~l—cose 
Thus 0G (a,b; s)/én > 0 at every boundary point; and because of the uni- 
form continuity of the derivatives of G(a, b; x, y), we have 
TuHEeoREM IV. There is a positive constant yp, and a region containing a finite 
neighborhood of every point of C, such that 


aG\’  (aG\’ 
throughout this region. C is here subject to condition (A"). 

For the further study of Green’s function and Green’s integral, a theorem 
due to Oscoop * on the convergence of an infinite sequence of harmonic func- 
tions, and one on the boundedness of the derivatives of a harmonic function, 
will be of use. The first may be stated as follows: 

Oscoop’s THEoREM. If w,, U;, an infinite sequence of func- 
tions, harmonic in a region T,, converging at every point (or at a set of points every- 
where dense) in T to a function U , and 7f there is a constant L such that, u; \<L 
for every i, then U is harmonic in T. Moreover the convergence is uniform in 
every closed subregion containing only interior points of T. 

The second theorem is as follows: 

TuEoreM V. Let § denote a finite number of segments of the boundary C of R, 


*Annals of Mathematics, ser. 2, vol. 3 (1901-02), p. 26. 
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and T a closed subregion of R, having no points in common with the boundary of R 
except interior points of S. Then if u is a harmonic function on R which vanishes 
on S, and which is bounded on the rest of C , the first derivatives of u are bounded 
in T. C is here subject to condition (A"’).* The theorem admits the de- 
pendence of u on a parameter, of which, however, the bound referred to must be 
independent. 

To prove this, let us first suppose R simply connected. If H (a,b; x, y) is 
the negative of the conjugate of Green’s function G(a,b; x, y) for R, the 
transformation w = re“ = e~°*'” maps R conformly on the surface of the unit 
circle, and u(2, y) becomes a function of (r,t), 

1 
UW, Jy 1 — 2r cos (t— 8) +r?’ 
where the intervals > correspond to the points of C notin S. The points of the 
closed map of 7’ will all have finite distances from the points of }>, so that the 
derivatives of U(r, ¢) will be bounded in the map of 7’. Hence, as the deriva- 
tives of first order of the mapping function are continuous in the closed region 
R, the derivatives of u(x, y) will be boundedin 7. If Ris not simply connected, 
two simply connected regions can be found which will completely cover it, and by 
means of them the theorem can be generalized to hold for the case of multiple 
connectivity without difficulty. 

From the formula for U (r,t) may be inferred the additional result: 

TueoreM VI. If, under the conditions of the last theorem, U (x,y) contains 
a parameter, and approaches 0 uniformly on the rest of C as the parameter ap- 
proaches a limit, the first derivatives of U (x,y) approach 0 uniformly in T. 

As an application, let us establish the fact that dG (£, 9;s)/dn is harmonic. 
Let (£, 7) be confined to the surface of a circle K’ lying entirely within R. Let 
K” be a larger concentric circle also entirely within R, the difference of their 
radii being denoted by 6. Then if A denote the greatest diameter of FR, 
G = log (A/p) — (g+logA)=0. But g+ log A has boundary values that 
are never negative, and hence 0=g+ log A=log (A/p).° Therefore 
0=G= log (A/p) + (g+ log A) =2 log (A/p), and with (x, y) confined to 
R— K", p=6,s0 that0=G=2 log (A/6). Nowlet T represent a closed sub- 
region of R—K’’, containing, except for a segment S of C, only interior points of 
R— kK". Then G fulfills the conditions of Theorem V for the regions R — K” 
and 7’, so that its first derivatives, and hence also its first difference quotients 
with respect to 2 and y, are bounded in R— K”. But as the derivatives of G 
exist on the boundary, a sequence of difference quotients can be selected which 
satisfy the requirements of Osgood’s theorem, and we may conclude 


* An evident generalization, allowing the values of u on S to differ from 0 is obtained by 
adding to uw any harmonic function on R with bounded derivatives of first order. 
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The function dG (&, 7; 8) /dn is harmonic in (&, 7) in the open region consisting 


of the interior points of R. 
$8. Green’s integral. 


A second application of Osgood’s theorem establishes 
TueoreM VII. Jf f(s) ts bounded and summable in LEBESGUE’S sense, or 
if | f (s)| ts summable, Green’s integral 


is harmonic in R. 

In order to study the behavior of this integral as (£, 7) approaches a boundary 
point, we shall need the following 

FUNDAMENTAL LEMMA.* Given three points, x_, 7, 7+ on one of the curves C,, 
and a positive constant ¢, it is possible to find a circle with center at x and with 
finite radius, such that when (&, 7) lies within this circle,dG(&,; 8) dn < € for 
all values of s other than those belonging to the are 7_ 7 7+. 

To prove this, describe about z two concentric circles cutting the are m_ 7 74 
sach in only two points. Call the subregion of R included in the inner one K, 
and that outside the outer one 7’. Then with (2, y) lying in T and (£, 7) in 
K,, the derivatives of G of first order with respect to x and y are bounded, say 
by the constant B, by Theorem V. Given an arbitrary constant, y, we take 
upon the circular part of the boundary of 7 a finite number of points, such that 
every point of this arc is less than a distance y / 2B along the are from one of 
these selected points. If then the value of @ at these selected points can be 
made less than $y, because of the boundedness of the derivatives the value 
on the whole circular are will be less than y.. That G can be made less than 
}y at a finite number of points on the arc by restricting (£, 7) to a circle about 
a follows from the fact that for any fixed (2, y) G approaches 0 as (£, 7) ap- 
proaches a boundary point. The conditions of Theorem VI are thus fulfilled, 
and it follows that the derivatives of G with respect to x and y approach O uni- 
formly in 7’, and in particular, so does G(£,7; s)/dn. The lemma is thus 
demonstrated. 

By means of the lemma and the fact that 


G(&,n; s)ds = 27, 
(£, 7; 


a number of important properties of Green’s integral may be proved,t among 
them 


* Cf. BocueEr, loc. cit., p. 94, theorem IV. 
+ Cf. BécuEr, loc. cit., p. 98. 


} 
} 
u(é,n) = "(s)—G(t,n: 8) ds 
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TueoreM VIII. Green’s integral 


approaches the boundary values f (8) at every point where this function is continuous. 

With this the interpretation given to Green’s integral in the first paragraph 
is justified, the existence of all the symbols and the validity of the processes 
involved having been established. 

A method of reducing the study of Green’s integral in the neighborhood of a 
boundary point, even in the case of a multiply connected region, to that of 
Poisson’s integral will be found useful. Let S represent a segment of the 
boundary of R containing in its interior the point at which the behavior of the 
integral is to be studied. Join the end-points of S by a curve running through R 
and bounding a simply connected region R,, the bounding curve forming with 
S a closed curve satisfying condition (A). To this curve assign the boundary 
values fo(s), equal to f(s) on S and 0 elsewhere. If the further quantities 
connected with the simply connected region be marked by the subscript 0, 
the equation holds: 


or, as (£, 7) approaches the boundary point, 


aG 
dn an Jo. 


(26) lim[u(é, 7) — wo(é, = lim fil 


A sufficient condition for the interchange of the integration and limit signs is 
that the integrand be summable and bounded.* But this is true of the harmonic 
function G — Gp and its first derivatives in Ry, and it is therefore only necessary 
to postulate these properties for f (s). Then as G — Gp approaches 0 uniformly 
on the boundary of R,, its derivatives also approach zero uniformly in R,, by 
Theorem V. Hence lim [u(é, 7) — w(£,7)]= 0, and the behavior of u 
as (£, 7) approaches a point of the boundary is the same as that of u.f But if 
the region Ry be mapped on the surface of the unit circle by means of 
Go (a, b; x, y) and its conjugate, Green’s integral w (£,7) for Ry becomes 


* Lesesaue, Lecons sur Vintegration, p. 114. Various other conditions may be employed, 
such as the convergence of the integral 


JS \s(s)\as. 


} As here sketched, this method gives information only about the behavior of u(£, 7), but 
not of its derivatives. If it is feasible to give to fy(s) the values of u(£,7) on that part of 
the boundary of R, which is interior to R, u,(&, 7) will be identical with u(£, 7) and conclu- 
sions can then be drawn concerning the derivatives of u(&,7). In what follows, however 
the method is used only in connection with u(é, 7) itself. 
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Poisson’s integral. Among the results obtained by application of this method 
is the following: 

TueoreM IX. If, at a point of the boundary, say s = 0, the function f (8) 
has a finite break, the limit of Green’s integral, u(&,7), as (&, 1) approaches 
2(0), y¥(0) along a line making with the negative and positive directions of the 
tangent to the boundary at x (0), y (0) the supplementary angles a and 8 respec- 


tively, 1s [Bf (0 —) + af (0+)]/27. 


$9. The unique determination of harmonic functions. 


If f(s) is continuous, it is proven by the theorem stating the non-existence 
of a maximum of a harmonic function in the interior of 2, that there is at most 
one harmonic function on & approaching the boundary values f(s) in the 
strict sense of continuity of a two-dimensional approach. If the demand for 
a strictly continuous approach be relinquished (and the approach to the value 
of f (s) along a normal, for instance, be substituted ), the uniqueness breaks 
down. Thus the harmonic function 2.ry/(.2? + y°), for the upper half of the 
(x, y)-plane, approaches 0 at every point of the boundary except at the origin, 
and here also, if the approach be along the normal. If the boundary values 
themselves are discontinuous, we can no longer properly speak of a harmonic 
function being determined by them. The problem of finding conditions to 
replace strict continuity, which, in conjunction with the boundary values 
determine a harmonic function, has been studied by Prym,* Scuwanrz,t 
JULES RrEMANN,{ Farou,§ PLANCHEREL, |, and others. 

The first part of the treatment which is to follow was suggested by the work 
of Farou; the ideas underlying the latter part were published in outline during 
the preparation of this paper by PLANCHEREL (loc. cit.). They are of sufficient 
interest to warrant some further development in this paragraph. The method 
of procedure will be this. Having determined some properties of Green’s 
integral having to do with its behavior on the boundary, we are assured that 


* Zur Integration der Differentialgleichung 


Journal fiir reine und angewandte Mathematik, vol. 73 (1871), p. 340. 
{ Zur Integration der partiellen Differentialgleichung 


Ou 
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Gesammelte Mathematische Abhandlungen, vol. 2, p. 175, Journal fiir reine und ange- 
wandte Mathematik, vol. 74 (1872), p. 218. 

t Sur le probleme de Dirichlet, Annales Scientifique de l’école normale 
supérieure (1888), p. 331. 

§ Séries trigonométriques et séries de Taylor, Acta Mathematica, vol. 30 (1906), p. 339. 
|| Bulletin des Sciences Mathématiques, ser. 2, vol. 34 (1910), p. 111. 
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at least one harmonic function exists which has these properties. We then 
proceed to ask whether a different harmonic function can exist with these same 
properties. Should the answer be negative, we shall have found conditions 
sufficient to determine uniquely a harmonic function. 

In the first place, Fatou shows in the article cited, for the case that R is 
the unit circle, that if f(s) is periodic, bounded and summable, 


1 0 
f(s) GCE, a5 8) ds 


approaches f (s) as (£, 7) approaches [2 (s), y (s) ] along a radius, except at 
points of a set of measure zero, and it is evident that u(£, 7) is bounded. 
Moreover, no other bounded harmonic function has the same boundary values 
in the same sense. This result admits an extension, both in the matter of the 
curves of approach, and of the region R. To establish the generalization, we 
prove first the following: 

TueoreM X. Let the boundary of R be subject to condition (A). If, then, 
a bounded harmonic function u (£, on R approaches a limit as approaches 
a boundary point x along any single curve meeting the boundary orthogonally with 
finite curvature, it will approach the same limit along the normal and along every 
curve meeting the boundary at x orthogonally and with finite curvature. 

As the boundary has finite curvature, a circle may be inscribed in R touching 
the boundary at z and having no other point in common with the boundary. 
In this circular region, uw, being bounded, and approaching continuous boundary 
values g (s) everywhere save possibly at z, will be given by Poisson’s integral, 
by Fatou’s theorem; that is, 


97 (p,¢)= g(s)(1— p*)ds 
™ » lL—2pcos(y—s)+ pp?" 


If the axes be taken so that ¢ = 0 corresponds to the z-axis and z to the point 
(1,0), the curve meeting the boundary orthogonally with finite curvature may 
be written y = F (x) (1 — x)’, where F (2) is a bounded function, or also in 
the form 

(28) psing = F(p)(1— p)?. 

We have, then, to prove 


(29) lim | 
pl 


1— 1— 


9 = 0, 
— 2p cos s+ p’ 


¢ being defined as a function of p by equation (28). To carry out the proof, 
write the integral as the sum of two, J; + Jz, with the same integrand, the 
interval for J; being from — 6 to + 6, and Jz having the rest of the interval 
—zxto-+7- for its domain. Then, given e > 0, 6 and 1 — p may be taken so 
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small as to make | J; | < Je, as will be shown; while for fixed 6, J: approaches 
0 with 1 — p, so that 1 — p can be taken so small that J.,< je. Equation 
(29) will thus be established, and with it Theorem X. 

To make evident the property attributed to J;, we write it in the form 


+8 (1 — p”)4psin sin | 
p-)4p sin 5¢ sin 

)[1—2p cose + — 2pcos(p—#) + 


1, — $) 


By equation (28), 2p sin }g = F (p)(1— p)*/cos 3¢, and ¢ is small in the 
neighborhood of z, so that there is a finite constant B such that 


| 2g (s) F (p)/cos3e| < B, 
and 
= sin Ge — 96) | (1— p*) 
1 — 2p cos (de) + 3 1 — 2pcos(s—y) +p?’ 


The integral is a harmonic function with boundary values 27 and 0, and is hence 
less than or equal to 27; moreover, 1 — 2p cos 86+ p? > (1— p)*, so that 
| < 2rB|sin(3¢— 86)|. But as ¢ approaches 0 with 1 — p, J; evi- 
dently vanishes with g and 6. 

This gives the extension of Fatou’s theorem with respect to the approach 
curves. In order to obtain for R the result which he gives for the circle, we 
employ the method of §8, mapping upon the circle a sub-region Ry of R, the 
boundary of R also being subject to condition (A). This condition will 
insure the continuity of the second derivatives of the mapping functions, and 
curves meeting the boundary orthogonally with finite curvature will be trans- 
formed into curves having the same property. We thus have 

TueorEeM XI. f(s) as bounded and summable, Green’s integral, 


1 alan 
u(é,n)= "(8 G (&,n;8) ds 


is bounded and in general* approaches f(s) along curves meeting the boundary 
orthogonally with finite curvature. 

Let U (£,7) be a harmonic function with the properties stated for Green’s 
integral in the theorem just given. We shall show that it is identical with the 
function defined by Green’s integral, and that it is therefore uniquely deter- 
mined by the stated properties. To this end, let G (a, b; x, y) be Green’s 
function for R, and H (a, 6; x, y) the negative of its conjugate. Then for 
small enough c, G (a, b; x, y) =e gives a set of curves neighboring on the 
boundary of R which go over into this boundary as ¢ approaches 0. More- 


* “Tn general” here, and in what follows is to mean “except possibly at points forming a 
’ 


set of measure zero.’ 
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over, since U (£, 7) is continuous on G = ¢, we may write 


U(a,b)= U(c,H)dH => U(e, 8) 

2T Jo JG=c on 
As, by hypothesis, U (£, 7) approaches in general the boundary values f (s) 
along curves meeting the boundary orthogonally with finite curvature, and 
hence, in particular, by Theorem X, along the curves H = const., we may pass 
to the limit ¢c = 0, obtaining 


1 2 l 
U(a,b)=5- f(s)dt=5- G(a,b;s) ds, 


as was to be proved. The result may be stated as follows: 

TueoreM XII. Jf f(s) ts bounded and summable, there is one and only one 
bounded harmonic function on R which approaches in general the boundary values 
f (s) along curves meeting the boundary orthogonally with finite curvature. This 
function is given by Green’s integral. The boundary of R is here subject to 
condition (A™). 

Should the restriction on f(s) that it be bounded prove inconvenient, the 
conditions given by Plancherel furnish another set of determining conditions 
for a harmonic function. The boundary will be subject to condition (A?) , 
and we shall consider the curve set G (a, b; x, y) = c, as before. Let s’ denote 
the length of are of the curve G = c¢ measured from a fixed point, and u (s’) 
the value of Green’s integral on this curve. We may then state 

TueoreM XIII.* Jf f(s) is continuous except at a finite number of points, 
and if |f (s) | has a convergent integral, then 


lim | u (s’)| ds’ = f(s) | ds. 


c=0 G=0 
To establish this, we divide the interval 0 = s =1 into two sets of segments, 
o, containing all the points of discontinuity of f (s) as interior points, and the 
complementary set, 2}. With a proper first restriction on ¢ we may find a 
positive constant, w <1, such that 


the direction n’ having the same relation to the curve G = ¢ as n to the boundary 
G = 0 of R, and the inequality holding also in the limit e = 0. Then, for any 


* The theorem apparently admits an extension to a countable number of discontinuities. 
The approach of c to 0 may either be continuous, or through discrete values. See Plancherel, 
loc. cit., for interesting examples bearing on the problem. 
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given positive e,o may be taken so small that 


(31) lf (s)|ds < Jue < fe. 


g 
To obtain a similar inequality for u (s’), that is for the values of Green’s in- 
tegral on G = c, we establish a correspondence between the values of s and 
s’ by pairing the values of these variables which belong to the same values 
of I, so that 
aG 
dH = — ds = — ds’. 
on on 


Leto’ and >’ be the intervals for s’ corresponding too and } fors. The desired 
inequality is, then, 


(32) f |u(s’)| ds’ < de. 


It may be established by a consideration of the dominant function 


which, by Osgood’s theorem, may be shown to be harmonic, and which, by the 
fundamental lemma approaches | f (s) | wherever this function is continuous. 
As v (£, 7) is continuous at all points of G = ¢, it may be represented by Green’s 
integral along this curve, so that 


ll 
t 
Q 


v(s’)dH = 5 


or 


(33) v(s ds’ = (s) | ds . 


As, however, v (s’) approaches | f(s) | uniformly at the points of >, ¢ may 
be taken so small that 


0G 
fires, ds | < 


0G 
) an’ < f ds + jue 


v (s’) ds’ < due, 


so that because of the inequality (30), 


v(s’) ds’ < due. 


Then, as | uw (s’) | =v(s’), the inequality (32) follows. 


Hence by (33), 


or, by (31) 


| 
= 
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Finally, as uw (s’) and 8G/dn’ approach their limits uniformly along 1, we 


ag CC, 
i (s’) > —I|f(s)|;d=0, 


lim u(s’)id’ = fis (s)|ds, 


so that by taking ¢ small enough, we secure the inequality 


have 


(34) | u(s’) | ds’ — if (s)|ds| < fe. 
Adding the inequalities (31), (32), and (54), we obtain 


| | as — | if (s)|dsi<e, 


which proves Theorem XIII. 

Considering now any harmonic function U (£, 7) approaching the function 
f (s) of the last theorem at all points where f (s) is continuous, and satisfying 
the limiting equation there established for u (é, 7), we may write 


U(a,b)=5- | U(e, H)dH =3 


so that 


L (a,b)—, | J \s mn G(a,b;s ) ds 


By a division of the interval of integration, and a process of reasoning nearly 
identical with that used to establish Theorem XII, we arrive at the conclusion 
that the limit as ¢ approaches 0 of the right hand member of this equation is 
zero. Hence the left hand member, which does not depend on ¢, must vanish, 
and U (£, 7) is given by Green’s integral. From this follows 

TueoreM XIV. If f(s) is continuous except at a finite number of points, 
and if | f(s) | has a convergent integral, then there is one and only one harmonic 
function u (&, 7) on R which approaches f (s) where this function is continuous 


and which has the property 


This harmonic function is given by Green’s integral. The boundary of R is here 
subject to condition ( 
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